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Abstract—Stochastic process algebras such as PEPA allow
complex stochastic models to be described in a compositional way,

PEPA
Semantics

but this leads to state space explosion problems. There has been CTMC
a great deal of work on abstraction techniques for Markovian Upper
formalisms, and stochastic bounds in particular can be used to Compositional V/Bound
analyse monotone properties such as steady state distributions. |
Most techniques, however, operate at the level of the underlying
Markov chain, whose state space may be too large to construct
explicitly. psm’
In this paper, we present a compositional application of PEPA | semantics
stochastic bounds to PEPA, in relation to steady state proba- CTMC

bilities. We first introduce a new Kronecker representation for

PEPA models, and then develop the necessary conditions for Fig. 1. Compositional abstraction of PEPA models
generating a compositional and lumpable stochastic bound of a

PEPA model. We then show how to algorithmically construct such

bounds, by means of an extension to the_ algorithm by Fourneau To mitigate this problem, without resorting to approxi-
et al for partially-ordered state spaces. Finally, we present some ’

results from our implementation, as part of the PEPA plug-in mations, the techniqu_e adtochastic boundfias been pro-
for Eclipse. posed [13]. The idea is to construct an upper bound of the
Markov chain thatcan be aggregated to another Markov
I. INTRODUCTION chain — a condition known as lumpability. The aggregated

The primary aim of stochastic modelling is to gain insignarkov chain can then be solved to give an upper bound on
and understanding of systems that arise in practice, but #h§ Steady state distribution of the original, and by carssing
models we create of such ‘real’ systems are often much tadower bound in a similar fashlon_, we can obt_am probab|!|ty
large to analyse explicitly. We therefore need techniques fintervals for steady state properties. An algorithm forngoi
abstractingthese models — specifically, reducing their size s§iS was presented by Fourneaual. in [7].
that they become small enough to analyse. Given that we ard limitation with this approach, however, is that it is ajguli
interested in some particular properties of the model, vezinet the level of a Markov chain, as opposed to a higher level
to ensure that the abstract model gives us accurate resdfgnalism. In particular, stochastic process algebra$h s
but this usually comes at the expense of lower precision. FOEPA [8] are commonly used, to describe complex systems
example, if the property is a probability, the abstract mod# @ more compact and¢ompositionalmanner. In such a
could give the interval0.1,0.2], which is accurate, but lesslanguage, it is easy to describe Markov chains that are not
precise than that actual answer(18. only too large to solve, but have state spaces that are tge lar

In this paper, we will consider steady state properties gg construct explicitly. Since we cannot apply the algarith
Markovian models — in the long run of the model, what i#" [7] unless we can construct the state space of the Markov
the probability of being in a particular set of states? By arghain, we need to look at how this technique can be lifted to
swering this question, we can calculate important perfocea the level of the PEPA model itself.
characteristics such as throughput, utilisation and ifleaton ~ The purpose of this paper is to extend the notion of a
of bottleneck components, under stable load conditions. $§chastic bound so that it can be applied to PEPA models
allow us to obtain steady state measures for models that §npositionally. This is illustrated in Figure 1 — we bound
too large to solve explicitly, one approach is to combine, @d aggregate each component in a PEPA model separately,
aggregate states that have similar behaviour. Unfortunatelpuch that the aggregated model induces a Markov chain that is

this leads in general to non-Markovian models, which canndp Upper bound of the original. This approach uses a variant
easily be solved numerically. of the Kronecker representation for the generator matrix of

a PEPA model in [9], and there are no restrictions on the
T This work was funded by a Microsoft Research European Satifa  Structure of a model. In addition to developing a method



for compositionally bounding PEPA components, we extend
Fourneauet al's algorithm so that it can be applied to a
class of partially ordered state spaces — this contribuigon
independent of PEPA. We have implemented the work in this
paper as part of the PEPA plug-in for Eclipse [1].

There has been some other work in relation to compositional
applications of stochastic bounds [3], [14]. The work in i3]
particular uses a weaker constraint than stochastic moiwsto
ity, to obtain tighter bounds. Our approach is to work with
stochastic monotonicity over partially ordered state spac

A summary of this paper is as follows. We begin in Fig. 2. Ordinary lumpability of a Markov chain
Section Il by introducing Markov chains and lumpability,dan
in Section Il with a description of the existing stochastic
bounding algorithms for Markov chains. In Section IV welhis, however, alters the behaviour of the Markov chain by
introduce PEPA along with its Kronecker representation. Warowing away the relative timing information of its statés
then show how to compositionally apply stochastic boundp@rticular, the steady-state solution of the embedded DTMC
to PEPA models in Section V, and present an algorithm fy¢ll be different from that of the CTMC. We can avoid this
computing bounds from a partially ordered state space Rkoblem by firstuniformisingthe CTMC.

Section VI. Finally, we demonstrate this technique on an eyefinition 3. The uniformisation of a CTMQU — (S, P,7)
ample model in Section VII, before concluding in SectionlVIl \yith uniformisation rate \ > max,csr(s) is gi\’/en, by

Proofs of the theorems in this paper can be found in thgszA(M) = (S, P,7), wherer(s) = A for all s € S, and:
attached Appendix for the purposes of the reviewers. Y

Ordinarily Lumpable Markov Chain Lumped Markov Chain

5} n _ r(s) / .
[I. ABSTRACTION OFMARKOV CHAINS P(s,s") = = P(s,8") if s# '

. . . . P B — 1 - ’ P 5 ! th i
Before we discuss stochastic bounding of Markov chains, (s,5) 2 78 (s, ') otherwise
let us first introduce some notation. Essentially, uniformisation adjusts the CTMC by insertsadf-

Definition 1. A Discrete Time Markov Chain (DTMC) is al00PS: SO that the exit rate of every state is the same.

tuple (S, P), and a Continuous Time Markov Chain (CTMC) Consider a Markov chain yvith_ a state spageThe basic
is a tuple(S, P,r). S is a finite non-empty set of stateB,: iIdea of state space abstraction is to rediScé& an abstract

S x S — [0,1] is a stochastic matrix, and : S — R is a state spacs?, whigh should be smaller t.h&h(\SN < |8). To
function describing the rate of exit for each state. For a aTMmdefine an abstraction, we need a mapping between the concrete
whenr(s) = 0 — i.e. no transitions are possible from staté@nd abstract states:

s — we setP(s,s) =1, and P(s,s') = 0 for all 5" # s. Definition 4. An abstraction of a state spac§ is a pair

The matrix P describes the probability(s;, s) of transi- (5% @), wherea : § — §% is a surjective function that maps
tioning between two states and s, of the Markov chain in €Very concrete state to an abstract state.

a single time step. In a DTMC, the duration of this time step aggregating a Markov chain according to an abstraction
is not specified, whereas for a CTMC it is determined by @ means that we cannot distinguish between states that map
random variableX, such thatPr(X < t) =1 — e~ when (5 the same abstract state. Therefore, in order to still have
the state has an exit rate of ~ a Markov chain, the rate of transition between two abstract
Often, a CTMC is described in terms of its infinitesimakiates must be independent of the particular concrete \state

generator matrixQ, whose element€)(i, j) (wherei # j)  are in. This condition is calledrdinary lumpability[10]:
define the rate of transitioning between statesmd j — with

diagonal elements given b§(i,i) = _Zj;éiQ(iaj)' This pefinition 5. An ordinary lumping of a CTMQU = (S,P,r_)
can be calculated from the rate functierand the probability iS an abstraction(S*, o) such that for all states, s’ € S, if

transition matrixP as follows: a(s) = a(s') then for all statess* € S*:
Q=r(P-1I) Y r(s)P(s,t)= > r(s)P(s1)
Here, we define the multiplication of a mati by a function {t | a(t)=s"} {t | a(t)=s"}

ras(rM)(i,j) = r(i)M (i, 7). The steady state of an ergodic,

CTI\ﬁCl W'tﬂ gene_rator rr|1atr|>Q IS ta rO\:cv 1V ect(;]rg, SECS that completely defines the transition rates between abstraietsst

me =1 (wheree is a column vector o s) anttQ = 0. An example of a lumpable Markov chain is shown in
If a CTMC has a non-zero exit rate for every state, then we

S . . . Figure 2, which can be viewed as a uniformised CTMC with
obtain itsembedded DTM®y simply discarding these rates.)\ = 1. Solving this Markov chain, the steady state probability

Definition 2. For a CTMC M = (S, P,r), its embedded of being in an abstract statel (or B) is equal to the sum of
DTMC is defined a¥mbed(M) = (S, P). the probabilities of being in each of its constituent states

n ordinary lumping(S*, ) inducesa new CTMC, in that it



other words, solving the aggregated CTMC is equivalent fefinition 10. Two CTMCsM; = (S, Py,r1) and My =
aggregating the solution of the original CTMC. (S, Py, 1) are comparable such thatt, < M, if for all
valid uniformisation constanta:

_ _ Embed (Unif \(M1)) <st Embed(Unif \(M2))

Stochastic bounding allows us to construct upper and lower ] i ) i .
bounds for monotone properties of Markov chains. The focg¥nce stochastic comparison of CTMCs is defined in terms of
of this paper is to bound steady state probabilities, whieh wtochastic comparison of DTMCs, we can consider only the
do by constructing upper and lower bounds of the Markd?tterv without loss of .gene.rahty, for the remainder gfstbec—
chain that preserve a bound on the steady state distrifi@n- The need to uniformise CTMCs, however, will become
tion. The important point is to ensure that these bounds dfaPortant when we apply these techniques compositionally t
lumpable, so that we can reduce the size of the Markov chdiiPA models in Section V. ,
to solve. To do this, we need to define what we mean by aFor stochastic bounds to be of practical use, we need
stochastic orderingon probability distributions. algor_lthms f[o construct mo_n_otone upper and_lower bounding

There are a number of different stochastic orderings [1 ,atrlces, given the probability transition matrix of a DTMC
but for our purposes we will use only tretrong stochastic Furthermore, not only do we need them to be bounding, but
order, which we denote<.;. This is defined for comparing they must bdumpablewith respect to the desired abstraction.

random variables in general, but for our purposes we wilkcon !N [7], an algorithm is given to derive an irreducible and
lumpable bounding matrix for a discrete-time Markov chain

sider just discrete random variables, which can be repteden ) .
as a vector of probabilities, summing to one: (DTMC), assuming that the_ state spacetdgally ordered
The algorithm is an extension of that by Abu-Amsha and
Definition 6. Let X be a random variable on a partially Vincent [2], which finds a monotone upper bounding prob-
ordered state spacgs, <), and x be a vector such that ability transition matrix for a DTMC. This algorithm arose
Pr(X >~ s) = >, x(s'). Lety be defined similarly for from observing that, fol® <., R, the following inequalities

a random variableY” over (S, <). We say thate <y y if for must hold for the§ x n) stochastic matrix® to be monotone:

IIl. STOCHASTICBOUNDING OF MARKOV CHAINS

all s €5 1) Foralll <i<n, P(i,*) <g R(i,*).
Sa(s) <> yls) 2) Foralll <i<mn—1, R(i,*) <s R(i + 1,%).
8'-s 8’5 In the basic algorithm, we set the first row Bf equal to that

We can extend this ordering to Markov chains in botAf P (R(1,x) = P(1,%)), and then set each subsequent row
discrete and continuous time, by looking at their transitioaccording to the maximum of the left-hand sides of the above
matrices. In particular, there are two important propertdé inequalities. The conditionP(i, ) <y R(i,*) means that
such stochastic matricesomparabilityand monotonicity We  >_—; P(i,k) < >, R(i, k), for all j, since the ordering
shall assume that the state space of a maktixi.e. its row is total. This leads to the following definition d®:
and column indices) is a partially ordered $8%,<p), and " " "
we shall omit the subscript when it is clear from contexip; ) — max i— 1.k Pli.k) S — ik
Furthermore, we use the notatid?(i, «) for row i of matrix R J) ;R( %) ; G.%) k;HR( F)

P, which is itself a row vector. . . .
We can iteratively construct the matrikR based on the

Definition 7. A stochastic matrix? is monotone if for all row above equation, starting with the first row and the last colum
vectorsu, v, u < v implies thatuP <, vP. Equivalently, and iterating down the rows before moving onto the next
for all s,s’ € S such thats < s, P(s, ) <g P(s,%). column. Since the algorithm for computing a lower bounding

Definition 8. The stochastic matriceB and P’ are compara- matrix is very similar, we wil o_nly consider the construmt
of upper bounds throughout this paper.

<4 P, i ) o
ble, namely thaiP® <, P, if they share the same state space Unfortunately, this does not guarantee thatHf is irre-

/

(<), and for alls € S, P(s, %) <s P'(s,%). ducible thenR will also be, since it is possible to delete transi-

Using these notions of stochastic comparison and mori®mns. Fourneawt al. [7] address this by a slight modification
tonicity, the strong stochastic ordering can be defined ftw the algorithm, to avoid unnecessarily deleting traosgi
DTMCs as follows: Furthermore, they produce an upper bounding matrix that is

— : not only monotone and irreducible, butmpablewith respect

Definition 9. Consider the DTMC_S\_/ll = (S P)andMz =y given partition. To achieve this, they structure therinat
(S, Py). We say thaiM; <, M, if: so that states in the same partition have contiguous inchoeks

1) For the initial distributions {1, ®2), 1 <s o make the matrix lumpable by setting the next state disiobut

2) For the probability transition matricesP, <y P. in each partition to the maximum that occurs within that

3) At least one ofP, and P is monotone. partition. This ensures that the matrix remains monotone.
We can similarly compare two CTMCs, in terms of their The main disadvantage of this algquthm is that it needs the
embedded DTMCs, if they are first uniformised: state space to be totally ordered. It is possible to extelyd an

partial order to a total order, but this will result in a stgen



C1 = (a,74).Co + (b,13).C3 Dy = (a,7p).Dy corresponds to a CTMC. An example PEPA model with two
Cy = (7,72).C1 +(7,72).C3 Dz = (b;7p).D1 components is shown in Figure 3.
O3 = (7,73).C2 + (T, T%)'Cl To apply stochastic bounds to a PEPA model, we need to
2 D, consider the structure of its underlying CTMC. It was shown
in [9] how the generator matrix of this Markov chain can
1 Eﬂ} Dy a b be represented in a compositionglponeckerform. Here, we
’ {a,b} develop a slight variation to avoid the need for functiorabs.
c, D, If we consider the system equation of a PEPA model, it has

the following form:
Fig. 3. An example PEPA model and its graphical representation

1)

order than we need, and so give lower precision in the boungga can ignore the hiding operata?/L without loss of
We will see later, in Section VI, how to modify this algorithmgenera"ty’ since it is always possible to rename actioregyp
to work with a simple class of partially ordered state spaceg, avoid name conflicts between components.

Considering a sequential componefit in such a model,
we can view it as inducing a local generator mat€)x —

So far we have looked only at bounding Markov chainghough strictly speaking, this is not a generator matrircsi
but the aim of this paper is to present a compositionie component might perform passive activities. If we write
approach to bounding stochastic process algebra models.@pin terms of a rate function and a probabilistic transition
this end, let us introduce the Performance Evaluation Rmcénatrix P, however, we can retain the passive rates.itf the
Algebra (PEPA) [8] — a compositional formalism with CTMCcomponent has a state spage— namely,S; = ds(C;) (the
semantics. In PEPA, aystemis a set of concurrentompo- derivation set ol’;) — then we can write; as an|S;| x |5
nents which are capable of performinactivities An activity —matrix as follows:

a € Act is a pair(a,r), wherea € A is its action type,
Qi = Z Qi,a = Zri,a (-Pi,a - I|Sl|)

andr € R>o U {T} is the rate of the activity. This rate

parameterises an exponential distribution, and if ungieekci

(denotedT), the activity is said to begassive In this case, Here ria @ Si — Rso U {T} gives the rate of action type

another component is needed to actively drive the rate of thi for each state inS;, P,, gives the next-state transition

action. PEPA terms have the following syntax: probabilities conditional on performing an activity of &/p,

and Ig,| is the |S;| x |S;| identity matrix. If, for a states,

ria(s) = 0, we write P, ,(s,s) = 1 and P, ,(s,s’) = 0 for

We briefly describe these combinators as follows: s’ # s. Since the rate is zero, we could effectively have chosen
any values for this row, but this choice is convenient sirice i

Prefix((a, r).C): the component can carry out an aCtIVItyencodes the fact that we remain in the same state.
of type a at rater to become the component.

Choice (C; + C5): the system may behave either a_?n -I:[Cr)ixbu'ld fa rc1:0r?t;))i(t)r&:lor;aépr’iprrnesgfr}ta\s\llonnof éhf ger;qeg;’ﬁor
componentC; or Cy. The current activities of both Zin dSi d%a? ea:weraz)rymatric 40 ii ,anea ereo ricz)itgowa €
components are enabled, and the first activity to com- 9 Qia pprop Y-

plete determines which component proceeds. The ot pre precisely, the compositional representatioribhas to
component is discarded escribe the same CTMC as induced by the semantics of

Cooperation (C D;ﬂCg): the components”; and Cy themPEnP,?nmodeI. ti‘;?g#:emcofogsrat'otn b?:lwesn éwto EEPA
synchronise over the cooperation skt For activities components uses umor two rates, we need 1o be

whose type is not inl, the two components prc)Ceedespemally careful that this leads to the correct apparata r

independently. Otherwise, they must perform the activitE?r each stgte and action type. . -

together, at the rate of the slowest component. At mos To desc'rlbe the generator matrix _ter@w for activities

one of the components may be passive with respect 3 YP€ @ in @ componentC;, we will use the shorthand

this action type. (ri,a; Py.a), Which we define as follows:

Hiding (C/L): the component behaves &5 except that
P . 'uaPia = Tia P _I,- = Wia

activities whose type is in. are hidden, and appear (riar Pia) = Tia (Pro — Tjs,)) = @i,

externally asdefthe unknown type where S; is the state space af;. If C; cannot perform any

Constant(A = C): componentC' has the namel. activities of action type:, we define its generator matrix term

The operational semantics of PEPA defines a labelled muk$ be Q; . = (71, I|s,|), wherer (s) = 0 for all s € S;.

transition system, which induceglarivation graphfor a given Using this notation, we will introduce two Kronecker

component. Since the duration of a transition in this graph éperators,® and ©, which correspond to cooperating and

given by an exponentially distributed random variables thindependent activities. i€, and C; cooperate over an action

Oy -

1

L%?l CN

IV. THE PERFORMANCEEVALUATION PROCESSALGEBRA

2

C = (a,r).C|C1+CZ|Cl DLQCZ | C/L|A



type a, we will use the operato®, defined as follows: As an example of how the Kronecker form is applied, let us
take the PEPA model from Figure 3. Applying our Kronecker
(Tl,a; Pl,a) ® (T2,a>P2,a) = form to Q = Q(Cl > Dl):

{a,b}
(min{rLaa T2,a}u Pl,a & P2,a) (3)

Q(Cl {E?} Dl) = QT(Cl) © QT(Dl)
where min{ry o, 72 4 }(s1,82) = min{ry . (s1),72,4(s2)} for + Qa(C1) ® Qu(Dh)
all s; € S; and s € S;. The operator® denotes the + Q(C1) ® Qu(Dy)

Kronecker product of two matrices [11]. )
If, on the other hand(, and C, independently perform If we expand out the® and © operators, showing the tensor

activities of typea, we will use the operator, which we Products®, we arrive at the following:

define in terms of®: 0 100
Q = min 2r {T} Lol ®[10} I
= 2 s 5 2 — 16
(ria, Pra) ® (12,0, P2a) = 23 T % % 0 01
(T1,0, Pra) ® (17, I1sy)) + (17, L15,)) @ (r2,05 P2a)  (4) [T 0 100 Lo
wherer+(s) = T for all s. Here, 4+ is the normal matrix + i 1 ’ {0} 8 (1) (1) © [0 1} Is
addition at the level of the generator matrices, but it can be L J ~
expressed compositionally as follows: Ta . 010 01
_ . + min<{ | 0 [D} 010 ®{ }—Iﬁ
Theorem 11. Consider two generator matric€3, = (r1, P;) 0 0 001 01
and Q- = (r2, P»), corresponding to the same state spéte -7 :0 01
(Q: and @, are both|S| x |S| matrices). Ther@Q; + Q- can ) " 0 10
. . 4+ min 0], 010 ® I
be written as follows: 0 D 001 10

! T2 (5)
(r1, Pr) + (12, Pp) = (Tl T2, L+ s P+ i+ s P2> whereIs = I3 ® I>. Note that the second term in the above
N evaluates to zero, because thecomponent does not perform
where (r1 + 72)(s) = 71(s) + r2(s), and Zi-(s) = any internalr activities.

ri(s) .
m, S {172}, for all s € S.

The coefficients of?, and P, describe the relative probability )
of taking a transition corresponding @, or Q.. Note that Now that we have introduced the. Kronecker .form for
they are functions, in that each row of the matrix is mulggli PEPA models, we can turn to applying stochastic bounds

by a different value — this is because the relative apparéifmpositionally. In this section, we will extend the defionis
rate can differ between states. of stochastic ordering and monotonicity, so that when we
We can now define our Kronecker representation for PEFRMPOSE the bounds of tyvo PEPA compopgnts, the resulting
models, using the> and ® operators. CTMC is an bound of that induced by the original components.
' We will then present an algorithm for constructing these
Definition 12. The Kronecker formQ(C') of a PEPA model hounds in Section VI.

V. STOCHASTIC BOUNDING OF PEPA MODELS

C=0C ... DX Cyis defined as: The work we present here is general in the sense that it
B applies toall PEPA models. This is in contrast to previous

Q(C) = Z Q.(C) work, which considers the application of stochastic bounds

a€Act(C) to particular classes of PEPA model, such as passage time

properties of workflow-structured models [6]. There is an
advantage to looking at specific classes of models, in that it
may be possible to obtain more precise bounds in light of the
additional information that is available. However, gelligras

where Act(C) is the set of all action types that occur in
C (both synchronised and independent), a@d is defined
inductively as follows (S.C. stands for Sequential Comptne

Q.(Cy) = (Tia, Pia) if C;is an S.C. alsoimportant, in that we can analyse models without nggedin
Q (C’A) ® Q.(C;) ifael to assume anything about their particular structure.
Q(CiPIC) =13 5 ic) e olC) | fore boundi del d to decid
L Q.(Ci) ®Q.(C)) ifadglL Before bounding a PEPA model, we need to decide upon

two things — arordering and apartitioning of its state space.
Theorem 13. For all well-formed PEPA modelsC, the Since the idea is to produce the bound compositionallyethes

Markov chain given by the generator matr@(C) and the must alzotbe (tj_eflr;d composnli/lnalll(y. W(;c_an Igt tfhe.t(.ijT'
Markov chain induced by the semantics of PEPA have cons?é-anPaEF;raC 'gr(l Zcr)}z]over a Markov.c a'”c( et;m(;o? ),
tent rates of transition between states. toa mode W'tﬁ components(y, ..., C, by defin-
ing an abstractionS;, «;) over the state spac§; of each
1A well-formed PEPA model is one in which cooperation occursyaatl component’;. Together, these induce an abstraction over the

the level of the system equation. state spacé; x - -- x Sy of the system. This defines a unique



——n This is best illustrated by example. The following rate

P, P, P, P,
— ' . functionr, and probability transition matri®, are monotone,
assuming a totally ordered state space, but the embedded
umpability ] ] DTMC after uniformisation is not:
within <: [ K — - -
par(tgl)ons | stochastic 1 11 0
" ehetn” il
orderi?g)blocks Ta (Pa - I) = 1 ? 0 ? - I
[ — | ) 2] \[3 03]
I (6)
2 220
- —> — 1|2 111 .
Partition Ordering Block - 9 411 (2) Alt
State Space Ordering Upper-Bounding Matrix - - L2 P
' _ N _ To avoid this problem, we need to strengthen the definitions
Fig. 4. State space ordering and lumpability constraints of stochastic ordering and monotonicity, by adding an extra

constraint. We call these thrate-wise stochastic orderingnd

o ) ) rate-wise monotonicityespectively. Their definitions are:
partitioning of the state space according to which concrete

states map to the same abstract state. Definition 15. For generator matrice®), = r.(P, — I) and
In addition to partitioning the state space, we need f@a = 7a(P,—1I), we say thal), <. Q, under therate-wise

provide an ordering. The ordering we choose will in genergfochastic orderingf:

depend on the property we are interested in. For examplel) P, < P,

if are interested in the steady state probability of beingin 2) For all statess:

particular set of states, it makes sense to place these ‘tdphe 1 Z Py(s,1)

of the ordering. This is so that we can directly compare the o (s) P als,

probability of being in this set. Furthermore, choosing giph 1< 22 <min{ ——2———

order can be advantageous, since it allows more flexibility ra(s) T = | 13" P(s, 1)

when constructing the bound. The only constraint we have trs’

is to only allow entire partitions to be compared with otheDefinition 16. A generator matrixQ, = r,(P, — I) is rate-
partitions, so that the abstraction can be applied. wise monotone if:

The definitions and theorems in this section are applicable1) p, is monotone.
to any partial order, but in order to algorithmically constr  2) For all statess, s’ such thats < s
the bound, we will restrict ourselves to the following ctass
1- Z P,(s,t)

Definition 14. A simple partial order over a state spaceis ra(s")

. t>s"
. L . 1< <
given by a set of\/ disjoint sets 3, ..., By C S, where: = ra(s) S eds) 1o S P 1)
t>_S//

s=<s iff Ji,j.seB NS EBNI<]
Intuitively, in both cases, we ensure that the probability
Each B; may contain multiple partitions, but not vice versagransition matrix increases faster than the rate functsm,
This is illustrated in Figure 4, which shows an example statRat after uniformisation we remain monotone and compatrabl
space ordering and partitioning, and the resulting coimé&ra Note that this is not a condition on the original model — we
on the upper bounding transition matrix. just need to ensure that the condition holds of the upperdoun
Given an ordering and partitioning of a state space, we needt is important to comment on the above definitions in the
to find a monotone CTMC that is both lumpable and an uppease whem,(s) = 0, since the ratio becomes infinite. In real
bound of the original CTMC. To do this compositionally, weerms, this means that we are effectively blocked from agidin
must work at the level of, = r,(P,—1I), bounding both the probability mass below the diagonal element for previously
rate functionr, and the transition matri¥, separately. This disabled activities, since the denominator on the rightdhan
is so that when we construct the generator matrix of theentgide must also be zero if the condition is to be satisfied.
model, by expanding out the Kronecker form of Definition 12, We can show that strong stochastic comparison and mono-
it remains upper bounding, monotone and lumpable. tonicity follow from rate-wise stochastic comparison and
Unfortunately, it is not the case that the monotonicity-pf monotonicity. This means that the CTMC that we construct
and P, implies that of@,,. In order for@, to be monotone, its by this method is stochastically comparable in the usuadesen
embedded DTMC after we uniformise it must be monoton#&ye state this in the following two theorems:
as per _Def|n|t|on 10. The. gﬁect of un|form|_sat|on is to add S rheorem 17. If Qu = ra(Py—T) <ot Q. = ¥.(P — I')
loops (i.e. to add probability mass to the diagonal elemesuts and for all s € S, ra(s) < 1. (s), thenQu <s Q'
that each state has the same exit vat8incer,, is increasing Tt = ekt @ =st Kar
however, this means that we addlacreasingamount to the Theorem 18.If Q, = r,(P, — I) is rate-wise monotone, and
diagonal element of each row (the,I' term). forall s < s’ €5, ry(s) <rq(s'), thenQ, is monotone.



Unfortunately, it is still not the case that rate-wise mono- We can now define precisely what we mean by a context,
tonicity and rate-wise stochastic ordering are preserved which is slightly different to a conventional process algeb
general when two components cooperate. The problem arigeginition, since we care only about those components thmat ca
due to the minimum operator, which is applied to the ratffect the rate at which we perform an activity.

functions. If we _take monotonicity, for _example, the .rat.'(befinition 21. The context of a component is the set of
between successive rates places constraints on the plisti@bi . . .
all components that it can cooperate with, as defined by the

transition matrix. When we compose two monotone compo-

nents, it is possible for one to be completely bounded by tﬁgstem equation. We say this internally bounded by,

other in terms of its ability to perform an activity of typeWlth respect to action type, if

a. That is to say, the rate of performingin each state of VC; € C, ||Cill, < Bint

one component is less than the rateqoin any state of the ) .

other. Hence the minimum of the two rate functions, and tf!rthermore,C andC’ are comparatively bounded by,

resulting constraint on the composed probabilistic ttzorsi With respect to action type, if:

matrix, _depends on only one of thg components. The regwred VC; € C, Ci, ClIl. < Beomp

constraint on the composed matrix may therefore be tighter

than that of one of the components. Since the internal and comparative bounds depend only on
This problem is clearer if we look at a particular examplehe rate functions, we have a simple algorithm for computing

3 11y them. If we construct a monotone upper bound of each
ro(P,—I) = | 3 i (2) 1| 1 rate function before bounding the transition matrices, &e ¢
3 g 0 % compute the internal and comparative bounds of a context as

Note that this is similar to Equation 6. which illustrat Ahe maximum bounds of the components within the context.
ote that this 1S similar to Equation o, which IMUSrated 14104545 ys to the final extension of our definitions —

why W; need rate-v'\i/Eltse ;:om_p arison atnd mobnctJt?cn_Lcny. Intthfﬁecontext—bounded rate-wise stochastic orderamgicontext-
case, the CoMPONers rate-wise monotone, but 1 It Were 10y, ,,qaq rate-wise monotonigitwhich extend Definitions 15

synchronise with a component that has a rate function of, Sd 16 respectively. Intuitively, they require the ratediion

1, 1’.2}’ we would result n the same problem as before. r; o Of component; to not increase faster than the matrices
It is therefore not possible for us to construct a bound f(}ﬁ

a sequential component, without considering tumtextin jar J 7 4 of all its cooperating components allow for.
which it occurs. To define this context, we need a measure Definition 22. For generator matrice®), = r,(P, — I) and
components, to indicate the extent to which the rate functi@)’, = /. (P, — I), we say thatQ, <™ @/, under the
increases. For monotonicity, we are concerned with th@ ratontext-bounded rate-wise stochastic ordering, if:
between successive rates, and in particular the maximum of) p <. P

these. This is because, when taking the Kronecker prodect, w 2) For all statess:

consider all possible state combinations. Hence the maximu

increase will actually occur, and gives a bound on how a ) 1- ZPa(Svt)
component can affect those that it cooperates with. 1 < max{ra(s) B } < min trs’

> y Deomp ¢ > 11 ,
Definition 19. The internal rate measure of a componet ra(s) S 1= Pils,1)

with generator matrix@,, = r, (P, — I) for action typeq, is: fms!
ra(s)) We extend the definition of rate-wise monotonicity simyarl
_ a /
Icl, = max{ s e succ(s)}
S

Ta($) Definition 23. A generator matrixQ, = r.(P, — I) is

Here, succ(s) denotes the set of immediate successors of thentext-bounded rate-wise monotone with respedgfg, if:

states as defined by the simple partial order. More precisely, 1) P, is monotone.
s’ € succ(s) iff 8 = s A—3s”. ' = s = s. In the case of  2) For all statess, s’ such thats < s

stochastic ordering, we need to compare the rate functibns o
two components (the original and the bound), but otherwise , 1= Z Pu(s1)
the same principle applies: 1 < max { ra(s ),Bm} < min frs”

- . ra(s) s 1= 3 P
Definition 20. The comparative rate measure of components Prap?

C and C’, with generator matriceQ, = r,(P, — I) and
Q' = (P! — I respectively for action type, is defined as: We can now prove that the CTMC of the system, after compos-
/

ing the individual components, is a monotone, lumpable uppe
e, ¢\, = max{ra(s)} bound of the concrete CTMC, with respect to the ordering
s Ta(s) on each component. For componeits and C, with state
In the above definitions, note that the ratio may be undefinsgaces(S;, <1) and (S3, <2) respectively, the® operator
(i.e. ro(s) = 0). In this case, we define the ratio to have thpreserves stochastic comparison and monotonicity wihes
value T, which dominates all the reals. to the lifted ordergS; x Sa, <¥) and (S; x Sa, <%). We say



Algorithm 1 An algorithm for constructing a context-bounded

(s1,82) <F (sh,sh) if s <1 s}, and =3sy. s <5 so. We _ . r ¢ )
rate-wise upper bounding probability transition matrix

define <% similarly.

Ly |5

Theorem 24(Montonicity). Let two components;; and Cs, "
2: for y — |S;| to 1 do

occur in context€’; and Cs respectively, wher€';, € C; and

Cy € C;. LetC; be internally bounded by3! , and ¢, by 3 if b(y) = b(By) for someB;, t/hen
B2 ,, for action typea. 4 refresh sum( P, R, b(y?’ e(y')
If the matricesQ, , = r1.4(Pio —I) of C; and Qy 0 = ¥ normallsé/R, b(y),e(y'))
r9.a(Py. — I) of Cy are context-bounded rate-wise monotone® for p—y' toy do
by B}, and B2, respectively, thettri o, P o) ® (r2.0, Paa) ' normalise partition(R, b(p), (p))
is context-bounded rate-wise monotone by the internal oun® e/nd for
B}, of the context; NC; of C; B Cy, for all action setsL. o y—y—1
10:  end if
Theorem 25(Lumpability). LetC; andCy be PEPA models 11: end for

with generator matrice€); = >, Q1. and Q2 = >, Q2 4,
whereQ: , =71,o(P1o—1I)and Qs , = Tg,a(Pia—I). Then
for all action typess, if the termsQ; , in Q1 and Q2 , in Q2
are ordinarily lumpable according to the partition%; and £
respectively, then the ter®@, = (71,4, P1,a) ® (r2,0, P2q) IN

componentC; and action type: € L:

{ria(s) | @i(s) = ai(s)} U

Q =), Q, is ordinarily lumpable according taC; x L. 7, o(s € B ) = max D {ria(s) | s €B;;}
s 1,a 2y
Theorem 26 (Stochastic Order). Consider the components j=k+1

C; and C!, with generator matrice§); , = r; «(P;—I) and

. 3) We calculate the internal bound,,; and comparative
ta =Tia(P, —1I), forie {1,2} and action types. Let

bound B, for the context of each component and

i,a

Qia gfiiv"w ! ., with context€; < C!, WhereBiom,p is the action typea € L, using the bounded rate functions.

comparative bound of; andC}. If B, is the comparative ~4) We compute an upper bounding probability transition

bound of the context€; N C, and C’; N C'5, we have matrix R;, from the transition matrixP; , of each
By, component’; and action type: € L (Algorithm 1).

Tay Pla) ® (r2a, Poa) <it™ (r} o, Pl o) ® (15 ., P5 ). ponent; ) / i

(rta Pra) @ (r2a, Poa) Sust™ (M0 Pla) @ (12,0 Pr.o) 5) For the internal action type, we uniformise the gen-

The preservation of monotonicity and stochastic order is
ensured by the definitions we have developed. Lumpability
is preserved by the PEPA cooperation combinator, as a con-
sequence of the strong equivalence congruence [8].

It is straightforward to show that corresponding theorems 6)
hold for compositional addition of matrices as per Theordm 1
if they have the same partially ordered state space. A con-

erator matrix@; , of each component;, and apply
Algorithm 1 with no context constraints. Since every
state has the same exit rate, the algorithm reduces to that
of Fourneauet al. over a partially ordered state space.
We construct and solve the generator matrix obtained
by multiplying out the Kronecker representation of the
upper bounding model

sequence is that we just need to construct an upper boypek important to note that not all of the components in the
for the rate function and probability transition matrix Giof yode| necessarily need to have ordering constraints on thei
sequential component for each action type, so that when wgqe space. For example, if we are interested in a property
expand thep and© operators of the Kronecker form, we gejyf just one component — i.e. the projection from the state
an upper bound for the CTMC of the entire model. space of the system onto that of the component — then we
have no particular constraints on the probability distiims
of the other components. But what does this mean in terms
of constructing a bound for that component? The theorems in
Our algorithm for constructing an upper bound for a steadpe previous section only account for when meedto bound
state property of a PEPA model is as follows. We assumea component. If we wish to exclude one of the components,
components(', ..., Cy, in shared action cooperation form,ye have to assume the ‘worst’ case — that is to say, that the
with cooperation set. For each action type ¢ L, we rename component does not have any effect on the rest of the system.
a to the local action type — i.e. we group all local transitions Intuitively, when we bound a component, we maximise the
together. Each compone6t, has an abstractiofS?, o), and  probability of moving into higher valued states in the ofdgr
a simple partial order specified W§; = {B;,1,... Bim, }. Since cooperation in PEPA takes the minimum of two rates,
1) For each component’;, we construct a mapping; it is possible for a component to limit, but not increase, the
from its state spac§; to matrix indices{1, ..., |S;|}, so transition rates for a particular action type. Henaa@notone
that states in the same partition have contiguous indices,

. e . -,
which are ordered such that< s’ = Z;(s) < Z:(s'). To implement this, we need to explore the transition systenemgead
Z( ) l( ) the new model, rather than performing the Kronecker muttiions

. b
2) We Comp_Ute a lumpable monOton? upper bound“%éplicitly. This avoids including unreachable states, aithivould result in
rate functlonrgﬁa from the rate functionr; , of each a singular generator matrix.

VI. AN ALGORITHM FOR COMPUTING A PARTIALLY
ORDERED STOCHASTIC BOUND OF APEPA GCOMPONENT



Algorithm 2 refresh sun{P, R, b, ¢)

Algorithm 3 normalis€ R, b, ¢)

1: for B, «— By to B,,, do

[S|
2 Ropas — Sg}ixl . R(s, )
j=
S|
3 P — gré%)f P(s,j)
Jj=b
max r(s)
. SEB
4 By 1—min< By, ———— ¢ (1 — Ryaz)
max 1'(s)
SEBY,
max r'(s)
. s€EBK_1
5: BC «— 1 —min Bcompv I/ N (1 - Pmaz)
max 7'(s)
sEBy,
6: for i « b(By) to e(By) do
7: if > b then
8: Enew — maX{Rmax; Pmaza Bla BC}
9: else
10: Z’ruaw — maX{Rmam; Pmaar;}
11: end if
[S|
12: Pnew — Znew - Z R(Zaj/)
j'=e+1
13: Poig +— ZP ) j
14 for;<—bt0edo
15: if P,q >0 then
. P
16: R(Z,]) ;Z;Z)Pnew
17: else
18: R(Zvj) A e_},_._lpnew
19: end if
20: end for
21:  end for
22: end for

1: for y « 1 to |S?| dO

e(y)
: —
2. Rpew Zmbzg( ZR ,7)
3 forsz()tOe()do
4: Roa < Y _ R(i, ])
j=b
5: forj<—jthedo
6: if Roq >0 then
7 R(Zv.]) — R}%(Z;j)RﬂEw
8: else
9: R(i,j) < ﬁfimw
10: end if
11: end for
12:  end for
13: end for

Algorithm 4 normalise partition(R, b, ¢)

1: for y « 1 to |S*| do

2:

O N Oah®

e(y) e
1 ..
— a2 D R(d)
i=b(y) j=b
for i < b(y) to e(y) do
for j «— btoe do
R(laj) — Raverage
end for
end for

Raverage

end for

upper bound for a component is a true upper bound in the
worst case context. This means that we can ignore other

components and still obtain, locally, an upper bound.

Let us examine Algorithm 1 in more detail. This takes as

input a probability transition matri®, and an empty matrif

(of the same dimensions) in which to construct the monotone

and lumpable upper bound. We assume that the upper bound

r’ of the rate function- has already been constructed, along

with the internal and comparative bounds;,; and B ..

We defineb(y) and e(y) respectively as the minimum and

maximum index in the sefZ(s) | Z%(a(s)) = y}°. b(By) and
e(By) are defined similarly for the s€tZ(s) | s € By}.
Algorithm 1 makes use of three sub-procedures:

1) refresh sun{P, R, b,e) (Algorithm 2) ensures that for

each ordering block, from indicdsto e, the matrix R

2)

3)

is context-bounded rate-wise monotone, and an upper
bound of P. The core of this algorithm is the compu-

tation of X,,..,, where the bounds€3; and B come

37H is defined such thal(s) < Z(s") = Zt(a(s)) < Zf(a(s")).

directly from re-arranging the definitions of context-
bounded rate-wise stochastic ordering and monotonicity
respectively (Definitions 22 and 23). These additional
constraints are only needed for elements on or below
the diagonal { > b), since the “~r,I' term — which

is the reason for the rate-wise extension to stochastic
ordering and monotonicity — only applies to sums that
include the diagonal element.

To achieve a new row sum aof,.,, we adjust the
individual entries inR so that the relative probabilities
are preserved. This is a choice that we make, to minimise
our impact on the matrix — because we do not have a
total order, we can distribute the probability mass within
an ordering block in any way.

normalis€ R, b, ¢) (Algorithm 3) ensures that for each
partition in the ordering block from indices to e,
states in the same partition have the same probability
of moving to a different ordering block.

normalise partition(R, b, ¢) (Algorithm 4) ensures that
each state in the partition from indicésto e has the
same probability of moving to another partition. We
choose to assign the average transition probabilities.

Essentially, thenormalise procedure ensures lumpability of
ordering blocks — by ‘borrowing’ probability mass from



PC; = (arrive, \;).PC’; + (walkon;g1, T).PC;

PC; = (serve;, T).PC;

Server; = (walkon;a,w).Server;g1 + (serve;, u).Server,
Server’, = (walk;g1,w).Server;a

(PCo || -+l PCp-1) Serverg

{walkon, serve }

Fig. 5. A PEPA model of a round-robin server

Aggregated States State Space Size Upper Bound
None 768 0.31184
{ Servery. 5} 7 0.33333
{ Servero...5 } 7 0.75000
{ Servery, s, Servers. s} 6 1.00000

Fig. 6. Steady state probability of being inSarver state

VIII. CONCLUSIONS

Stochastic bounding is a powerful technique for reducing
the size of a Markov chain, and allows us to obtain bounds
on steady state probabilities. We have applied this compo-
sitionally to PEPA models, allowing us to bound models
where the underlying state space is too large to represast. T
algorithm we have presented and implemented enables these
bounds to be constructed automatically, given an ordenith a
partitioning of the state space of each component.

There are many other techniques for abstracting Markov
chains that we did not mention — to name but a few,
abstract Markov chains [5], disaggregation/aggregatib?] [
and quasi-lumpability [4]. Abstract Markov chains are usef
for bounding transient properties, but not for steady state
properties, since the abstraction does not result in a Marko
chain. Disaggregation/aggregation and quasi-lumpghdién
be applied to steady state properties, but are approxiraalte t

lower ordering blocks — which preserves monotonicity. Thgiques — it is difficult to reason about the error introduced.
normalise partition procedure then ensures lumpability of whilst we have demonstrated the utility of compositional
partitions, by re-distributing probability mass withiretisame stochastic bounds, there remain many interesting future re

ordering block.

search directions. In particular, we intend to investigtue

benefits of combining components before applying the abstra

VIl. AN EXAMPLE

We have implemented the stochastic bounding algorit
presented in the previous section as part of the PEPA plug-in
for Eclipse [1], and we will now consider its application to a
PEPA model. Consider the model in Figure 5. This describegg;
a set ofn PCs, which are serviced in a round-robin fashion

by a server. Jobs arrive at compute€’; at rate \;, and the (2]
service rate of the server js The server in staté moves to

statei @ 1 = (i + 1) modn, after serving a job from PG  [3]
(with the walk activity) or not (with thewalkon activity). [4]

Consider this model whem 6, in which case the
concrete PEPA model has 768 states. To avoid any symmetr
in the model that could allow a more exact aggregation, wE
will assume that every computer has a different arrival:rate
\i =i+ 1. One property of interest is the proportion of time[6]
the server spends in $erver; state — in other words, it has
just served a job but is not yet ready to serve another. Figure
shows the steady state probability pferver’} for different
choices of states to aggregate in the@wver component. The
first entry is the exact probability, and the others are upper
bounds obtained by the simple partial ord#&r = {Server;}  [8]
and By = {Server}. Note that this partial order is the best [9
we can choose given the property of interest, as it is the
weakestordering, and therefore imposes the least number of
constraints. [10

From these results, we see that aggregating allSheer’
states gives a good upper bound on the actual probability.
other choices of aggregation yield poor results, howeveichy
illustrates how the choice of abstraction can dramaticatfigct
the precision. In general, we cannot obtain precise bounmds
all models and properties, but this technique has the adgant
of being very fast, even if we obtain only limited informatio

[11]

o

(23]

{14]

7] J.-M. Fourneau, M. Lecoz, and F. Quessette.

tion. In summary, stochastic bounding is a useful technfque
hstochastic process algebra modellers to have at their ghpo
hd we feel that we have broadened its applicability.
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APPENDIX Theorem 13. For all well-formed PEPA model§, the Markov

Theorem 11.Consider two generator matriced; = (1, P,) chain given by the generator matriQ(C') and the Markov
and Q, = (r2, P»), corresponding to the same state spate chain induced by the semantics of PEPA have consistent rates

(Q1 and Q are both|S| x |S| matrices). TherQ, + Q, can Of transition between states.

be written as follows: Proof: Since, in a PEPA model, the transitions of each
r o action type are independent from one another, we can canside
(r1, P) + (r2, P2) = (7"1 try et P2> them separately. We therefore need to prove that for each
action type, the transition rates induced by the Kroneattenf
where (11 + 72)(s) = ri(s) + r2(s), and Z=(s) = gre identical to those induced by the PEPA semantics, as give

s ie{1,2), forall s € S. in [8]. o
Proof: The proof is as follows. For an entry s', when We proceed by induction on the structure of the system
s+, in Q + Q,, we have: ' ’ equation. In the base case, for a sequential compo@ignt
' ! > ' Q. (C;) = (14,4, P;.a) corresponds, by Definition 12, precisely

(Q1+Q2)(s,5") = ((r1, P1) + (ro, P2))(s,s) to those activities of type: that C; can perform. In other
= (r1, P)(s,s") + (7‘2,P2)( s') words, fors,s’ € S;, 7;..(s) is the apparent rate of action
= 11(8)Pi(s,s") + 12(5) Pa(s, s") type a in states, and P; ,(s, s') is the relative probability of
= (r1(s) +ra(s)) 71(:1%22()3(3,3’) + moving to states’, if we perform ana activity in states.

nG)  p (s, )) For the inductive case, we make the hypothesis that there
RoErORElCE is a transitionC, ~“% ¢, induced by the PEPA semantics
= (7"1 + 7o, mﬂ + T1+Tz Pz) (s,8") of a componentC — where C' may be a composition of
sequential components, add, Cs € ds(C') — if and only if

Whens = s/, we similarly have: Q. (C)(Cy,Cy) = 14(C1)P,(Cy,Cy) = r. We can ignore the
Q1+ Q2)(s,8) = ((r1, P1) + (12, P2)) (s, 5) case wherC; = (), as self loops cancel out in the generator
= (r1, P1)(s,5) + (r2, P2)(s, s) matrix.
= r1(s)(P1(s,8) — 1) + ra(s)(Pa(s,s) —1)  Assume that there is an additional componérit such

= (r1(s) +ra(s)) (%H(S,S) +  that ¢4 (), Gy iff Qu(C')(C1,Ch) = ', as above.

rs)  p (s, 8) — 1) We will prove that for all sets of action typed,

riG)Fra(e) T # € 3¢’ induces a transitiorry B ¢ ™, ¢, D1 ¢y iff
= (ntr iR P R R) (59) g,{c ey bCy, G ey = R
n Consider the case € L. Then:
Q.(C BIC)(Cy A O, Cr BACY)

= (Qa(C) ® Qu(C"))(C1 A, C2 BACY)

= ((ra, Pa) @ (1%, PL))(C1 DX, Cy DX C)

= (min{r,, 7} }, P, @ P;)(Cy DACY, Cy DACY)

= min{re(C1),74(C1)}(P (01702) x P}(C1,C))

= min{r,(C1),r a(Cl)}m(Cl) A (TC o

where the final step follows from the induction hypothesis.
This is equal by definition to the PEPA semantics of cooper-
ation for action typeSL € L, hence gives the rat& of the
transition Cy P10~ LGEEONA X1 ¢4 induced by the PEPA
semantics.




Consider the case ¢ L. Then: Theorem 17.1f Q, = ro(Pa — I) <&t Q) = r. (P, — I')

Q,(C B C)(Cy B Y, Cy B CY) and for all s € S, 74(s) < 1i,(s), thenQq <y Q.
- (QG(C)LG) Qa(C”))L(Cl ] C{fCQ B1Cy) Proof: For any \ that is not exceeded in magnitude by
= ((ra, Pa) © (r},, P))(C1 DA CY, Cy DA CY) any d|agonal element o, or Q,, we need to show that
= ((ra, Po)® (rv,I)+ (r+,I) ® (1, P.)) Q“ +1I <y “ +1, by the definition of the stochastic ordering
(C1 BACLL G, B0y 0n CTMCs. Th|s corresponds to showing that:
= min{ry, T}(C1, C1)Pa(C1, C2)I(C1, C5) + ro P, ra
min{ T, r4}(Co, CHI(Cr, C2) PL(CY, ) ()
= 1ro(C1) P, (Cy, Co)I(CY, Ch) + S A SRR A
ra(CDI(Cr, Ca) Py (Cr, Cs) D A

T‘a(Cl)Pa<Cl,Cg) lf 02 Cl
= 1 (CHPL(C],Cy) if Cy = Cy
otherwise

remembering that, andr/, are apparent rate functions, which
can be written as vectors. By the definition of the strong
stochastic ordering, this requires that, for each roand for

Il "
it O =0 all statess

otherwise ra(s) Z P.(s,t) + (1 7a(5)) 1o
, . . A ’ A e
where the final step follows from the induction hypothe- AN
sis. This corresponds to the PEPA semantics of coopera- < ra(s) ZP;(S’ (1 _Ta (5)) Lo 2s
tion for action typesa ¢ L, where the activities of the B P

two components take place mdependently In other Worqﬁherels /<5 IS the indicator function, evaluating to one if the

C1 B 01 —= GOy if Gy L), 02 in component”,  conditions’ < s holds, and to zero otherwise. If we are above

andC, Dﬁ oy e, (a,r) c, Dﬂ cy if Cl 02 in C'. m the diagonal e_Iement (i.e._ the indicator term evaluateto)z
then the relation holds since,(s) < 7/ (s) and P, < P..
Otherwise, we have, fos’ < s:

_ Ta($)
t>—s'/ ,)(\ )
Z P/ ra S
t-s’ A

which, on re-arranging, gives:

1—ZPast

sz(s) s’
) S 123 Pl
t-s’

But since we know that the left-hand side is less than or equal
to the minimum of all possible ratios on the right-hand side,
this holds for alls’. [ |



Theorem 18.1f Q, = r,(P, — I) is rate-wise monotone, and Theorem 24 (Montonicity). Let two components;; and Cs,
forall s < s €85, r.(s) <r.(s), thenQ, is monotone. occur in context€; and C, respectively, such thaf; € Co

Proof: For any A that is not exceeded in magnitude b)zn%% Efocrlacl_tﬁ;nc iygzamternally bounded bys,.,., andC;

any diagonal element a,,, we need to show tha« + I is int’

monotone, by the definition of monotonicity for CTMCs. This | the matrices@y o = r1,a(Prq — I) of C1 and Qs =
T a(PQ « —I) of Cy are context-bounded rate-wise monotone
corresponds to showing that:

by B, and B2 , respectively, thefir; , P o) ® (12,4, P2.o)
raPa T (1 . La) I is context-bounded rate-wise monotone by the internal Boun
A A B3 . of the contexC; of Cy 1y, for all action setsL.

is monotone, where we write the apparent rate functipas

a vector. By the definition of monotonicity, we require fol al
statess ands’, such thats < s’ (two rows that we compare),
and for all states” (elements along the row):

int?

To prove this theorem, we will first establish the following
two lemmas. Lemma 27 shows that the Kronecker product
preserves monotonicity, and Lemma 28 shows that the mini-
mum of two monotone functions is also monotone. We omit
(1 3 ra(s)> 1o the subscript: for brevity, hence we writéP; in place of P, ,,

S

= A\ andr; in place ofr; , for i € {1,2}:
ra(s") 3 / ~ ra(s) Lemma 27. Let P, and P, be monotone stochastic matrices
>~ Pa(S,t)+ 1 13”{3’ . .
g A describing the PEPA components, and C5 respectively,

which have state spac¢si, <;) and(Ss, <2). ThenP; @ P,

If we are above the diagonal element in both rows (i.e. tt? € also monotone under the lifted ordering& and <% on
indicator termsl -, and1,. -, both evaluate to zero), thenS Sy

the relation holds since,(s) < r,(s’) and P, is monotone.

Otherwise, we have to consider two cases; whens” < s/, Proof: Consider State(591, s9) <1 (817 s5), recalling that
and whens” < s. this implies thats; <; s} and —3s}. s§ <5 ss. We need to
Whens < s” < s, we have: show that the following inequality holds, for a#l € ds(Ch)

and¢ € ds(Cy):
(8:1)

A t=s" Z P (Sla )P2(527 )

ra(s") ra(s’) (s',t")=F (s,t)

S — P(S,,t)+1f7 ) 1'(S,

L X < Y RO )

( ) (s7t) =1 (s,t)

which holds as before, since— > 0.

But in order for there to be any statés,t’) > (s,t), ¢ must

Finally, whens” < s, we have: ) Z .
y be the smallest state ift2, <2). Hence this is equivalent to:

a(8)
t \ Z ZP181, )P (s2,t")
~s// B
rals) ra(s') Y
—TZPG(S/’t)_ 3 Z ZPl (57,8 ) Pa(sh,t")
ts!! s'—15t'€S,
which, on re-arranging, gives: which we rewrite to give:
1= Y Pus) Y Pilsi,s) < Y Pi(sh,s)
TQ(S ) t-s'’ s'>18 s'>1s
ra(s) 1 - Z P,(s',1) This holds sinceP; is monotone undefS,, <;). The proof

tmstt of monotonicity under.S; x S, <L) follows similarly. m

But since we know that the left-hand side is less than or equal

to the minimum of all possible ratios on the right-hand side, mma 28. I_.et rand ry be_ monotone functions. Then
this holds for alls”. - r3(81,82) = min{ri(s1),r2(s2)} is also monotone, under the

orderings(S; x Sz, <¥) and (S; x S, <L).

Proof: Consider state6s;, sa) <¥ (s}, s5). By definition,
s1 <1 s and eithersy <5 s or s3 = s. There are two cases
to consider:

Case 1: min{ri(s}),r2(s5)} = r1(s}). Then:
min{rl(sl), 7“2(82)}

r1(s1)
r1(st)

min{ry(s}),r2(s5) }

ININAIA



Case 2: min{ry(s}), r2(sh)} = ra(sh). Then: smallest state irf.S,, <2) by the definition of<%:

| 5 min{ri(s}),ra(sh)}
min{ry (s1),r2(s2)} < ra(s2) AT iy (1), 72 (52)
Sral) < ey, 110 2(s))
< min{ry(s}),r2(s5)} = max int? 7"1(51)7 r2(s2)
r1(s1)
. ' < B!
Hencers; is monotone with respect tGS; x Sy, <F). The — o . ri(s1)
proof of monotonicity undetS; x Sy, <%) follows similarly. 1-— Z Pi(s1,t})
| th=1t1

Proof: [Theorem 24] Let (S, <) and (S2, <2) be the < 1— Z Pi(s), 1))

state spaces of componertts and C, respectively. We will

show that the generator matrixin{ry, 7o} (P @ P, — I) is 1 p

monotone with respect taS; x Sy, <F). > Pils,
We know from Lemma 27 that the matriP; @ Py is =

monotone, and from Lemma 28 that the apparent rate function 1 — > Pi(sh 1) > Pa(sh,th)

min{r,72} iS monotone increasing. Hence, for all states ti=1ty 15€52
(s1,82) <¥ (s}, 55), we need to show that: 1- Z Py (s1,t]) Ps(s2,th)
< (t9,t5) =1 (t1,t2)
max{Bfm m%n{m(s’l)m(s’z)}} Tl > Pis ) Pa(sh,th)
min{ri(s1),r2(s2)} (t,5)>F (t,2)

L= Y Pu(si,t)Pa(sa,th) 1— > Pi(s1,t])Pa(sa,th)

(#5,15) 1 (t1,t2) (#4,4) 1 (t1,t2)

= miLn ’ogr ;g = min
(t1,t2) <P (s1,82) | 1 — Py (s7,t7)Pa(s5,t5) (t1,t2)=(s1,82) | 1 — Z Py (s, 1)) Py(sh, th)
(7,5) =1 (t1.t2)

(th,t) = (t1,t2)

. . The proof of monotonicity unde L) follo
whereB3 , is the internal bound of the contet of C' I C": similaelry notonicity under(Sy x Sz, <) e

Let (f1,12) be the state under which the ratio on the right Thys context-bounded rate-wise monotonicity is preserved
hand side is at a minimum. Singe <; s; by definition of by ®. n

<&, we know that the following relation holds:

17 Z Pl(Sl,tll)
maX{Bl 7“1(8'1)}< 1ty
r(s)) 71— N Pi(sh,th)

th-1t1

Furthermore, since by definitioR! , > ra(sy) p2 > risn)

mt = 7"2(32)’ int = rl(sl)’

and B}, <min{B} ., BZ,}, we can infer that:

ri(s1) r2(s3)
max {Bfm, Wsi)’ rg(sz) < max B}nt, —z

=3
=
—~|—
VAR V)
==
S— | ~—
—

To complete the proof, we need to make use of the following
observation:

Observation 29. For all positivea, b, ¢, d € R:

a c min{a, c}
Z 2l s S
max{b’ d} = Tnin{b, d}

. a min a,c c mina,c
sincey > == and § > =<,

Using this observation, and the fact that must be the



Theorem 25 (Lumpability). Let C; and Cy be PEPA models Theorem 26 (Stochastic Order).Consider the components
with generator matrice€); = >, Q1. and Q2 =" Q2,, C; andC, with generator matrice€); , = r; o(P;,, —I) and
whereQ: . = r1,a(Pro—1I)andQq o = rou(P; ,—1I). Then Q; , =1 (P;, —I), fori € {1,2} and action types. Let
for all a_ctio_n typesa, if the term_sQLa in Q anq Q241N Q2 Qi Si%mp !, With contexts’; <, C!, whereBi, . is the
are ordllnarlly lumpable according to the partition, and 42 Comparative bound of; andC’. If B3 is the comparative
respectively, then the ter®, = (71,4, P1.o) ® (r2,0, P2,4) IN p

comp
bound of the context€; N Cy and C’'; N C’5, we have
Q =), Q, is ordinarily lumpable according taC; x L. g ? ! 2

3
(1.0 PLa) @ (1o, Poa) S (140 PLa) @ (15,0, P o).
Proof: Observe that@ is the generator matrix of . ) o )
1 D1 Cy, for some cooperation sdt. For each action type Proof_: For.brewty, we will omit the subscript;, and
a, Q1. is strongly equivalent to the lumped matiX (Q: ., ), hence writeP; in place of P, ,, andr; in place ofr; , for
in that anya activity in Q; , can be matched by amactiv- ¢ € {1,2}. We omit the proofs thay © P, <« P/ @ P,
ity in £1(Q1.4). Similarly, @, and £5(Q-.,) are strongly and thatmin{rl,rg}.(sl,SQ) < min{r'l,r.’z}-(sl,sQ) for all
equivalent. (s1,s2) € S1 x Sq, since they are very similar to Lemm_a_27
It has been proven in [8] that the PEPA cooperation coril'd Lemma 28 from the proof of Theorem 24 (Montonicity).
binator preserves strong equivalence, and that strongrequi Let(S1, <1) and(S2, <2) be the state spaces of components

alence implies ordinary lumpability. It follows tha®, = C1,Ci andCs, C; respectively. We will show that the gener-
(rl,aa Pl,a) ® (7«27(“ P2,a) is Strong|y equiva|ent to: ator matriXmin{ri,ré}(Pl’ ® PQI — I) is a context-bounded
rate-wise upper bound ahin{ry,} P, ® P, — I), with
L1(r1,a, Pra) ® La(r2,0, Po.a) respect to the orderingS; x Sz, <¥).

= (L1 x L2)((r1,0, Pra) ® (2.0, Po.a)) We need to show that the following inequality holds, for all
Hence Q, is ordinarily lumpable according to the partitionstates(sy, s2):
El X £2.
Since for all action typesR, is ordinarily lumpable, it maX{Bg min{?“i(ﬁ)ﬂ“’g(Sg)}}

follows that Q@ = > Q, is ordinarily lumpable according P min{ry(sq), r2(s2)}
to £; x Ly. Therefore, the operato® preserves ordinary 1— Z P, (s1,t]) Py(s2,t5)
lumpability over all action types. ] (8 45)> L (t1,t2)
< min LA R
(trt2)<b(s1,82) | 1 — > Pl(s1,th)Py(sa,th)

(t7,t5) -1 (t1,t2)

Let (¢1,t2) be the state for which the ratio on the right hand
side is at a minimum. Sincg <, s; by definition of <%, we
know that the following relation holds:

1-— Z Pl(sl,tll)

!
1 1 (51) ty-1ty
maX{chn,pv r (S )} < — ; ;
1ol 1 E Pj(s1,t)

t’1>-1t1

Furthermore, since by definition of the comparative bounds,
B(l/‘()'mp Z :ig‘jzg’ and Bgl)ﬂlp S min{BiO?ﬂ,p’Bgomp}’ we can

infer that:

maX{Bg ri(s1) ré(82>} <maX{Bl r’l(sl)}

comp> 7“1(51)’ 7“2(82) comp? 7"1(31)

To complete the proof, we make use of Observation 29 from
the proof of Theorem 24 (Montonicity), and the fact that
must be the smallest state (i, <2) by the definition of<:

< max<{ B!

comp? ’rl (81) }




1- Z P1(317tl1)

< t/1>-1t1
B 1- Z Pll(slatll)
th-1t1
].— Z P1($1,t/1) Z PQ(SQ,t/Q)
. th=1t1 t5€S>2
1- Z Pl/(slvtll) Z P2l<s2’t/2)
th-1t1 t5,€S2
1-— Z Pl(sl,tll)PQ(Sg,t12>
< (th,t5) =1 (t1,t2)
L= ) Pi(s1,1))Py(sa,th)
(tht5) =1 (t1,t2)
1— ) Pi(s1,t))Pas2.th)
. (t1,t5) = (t1,t2)
= min
(t1,t2)<(s1,82) | 1 — Z P{(Sl,t/l)PQ/(SQ,t/Q)

(th,85) =1 (t1,t2)

The proof of stochastic ordering undg¥; x S, <%) follows
similarly.

Thus the context-bounded rate-wise stochastic ordering is
preserved by®. [ ]



