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Abstract—Stochastic process algebras such as PEPA allow
complex stochastic models to be described in a compositional way,
but this leads to state space explosion problems. There has been
a great deal of work on abstraction techniques for Markovian
formalisms, and stochastic bounds in particular can be used to
analyse monotone properties such as steady state distributions.
Most techniques, however, operate at the level of the underlying
Markov chain, whose state space may be too large to construct
explicitly.

In this paper, we present a compositional application of
stochastic bounds to PEPA, in relation to steady state proba-
bilities. We first introduce a new Kronecker representation for
PEPA models, and then develop the necessary conditions for
generating a compositional and lumpable stochastic bound of a
PEPA model. We then show how to algorithmically construct such
bounds, by means of an extension to the algorithm by Fourneau
et al for partially-ordered state spaces. Finally, we present some
results from our implementation, as part of the PEPA plug-in
for Eclipse.

I. I NTRODUCTION

The primary aim of stochastic modelling is to gain insight
and understanding of systems that arise in practice, but the
models we create of such ‘real’ systems are often much too
large to analyse explicitly. We therefore need techniques for
abstractingthese models — specifically, reducing their size so
that they become small enough to analyse. Given that we are
interested in some particular properties of the model, we need
to ensure that the abstract model gives us accurate results,
but this usually comes at the expense of lower precision. For
example, if the property is a probability, the abstract model
could give the interval[0.1, 0.2], which is accurate, but less
precise than that actual answer of0.18.

In this paper, we will consider steady state properties of
Markovian models — in the long run of the model, what is
the probability of being in a particular set of states? By an-
swering this question, we can calculate important performance
characteristics such as throughput, utilisation and identification
of bottleneck components, under stable load conditions. To
allow us to obtain steady state measures for models that are
too large to solve explicitly, one approach is to combine, or
aggregate, states that have similar behaviour. Unfortunately,
this leads in general to non-Markovian models, which cannot
easily be solved numerically.
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Fig. 1. Compositional abstraction of PEPA models

To mitigate this problem, without resorting to approxi-
mations, the technique ofstochastic boundshas been pro-
posed [13]. The idea is to construct an upper bound of the
Markov chain thatcan be aggregated to another Markov
chain — a condition known as lumpability. The aggregated
Markov chain can then be solved to give an upper bound on
the steady state distribution of the original, and by constructing
a lower bound in a similar fashion, we can obtain probability
intervals for steady state properties. An algorithm for doing
this was presented by Fourneauet al. in [7].

A limitation with this approach, however, is that it is applied
at the level of a Markov chain, as opposed to a higher level
formalism. In particular, stochastic process algebras such as
PEPA [8] are commonly used, to describe complex systems
in a more compact andcompositionalmanner. In such a
language, it is easy to describe Markov chains that are not
only too large to solve, but have state spaces that are too large
to construct explicitly. Since we cannot apply the algorithm
in [7] unless we can construct the state space of the Markov
chain, we need to look at how this technique can be lifted to
the level of the PEPA model itself.

The purpose of this paper is to extend the notion of a
stochastic bound so that it can be applied to PEPA models
compositionally. This is illustrated in Figure 1 — we bound
and aggregate each component in a PEPA model separately,
such that the aggregated model induces a Markov chain that is
an upper bound of the original. This approach uses a variant
of the Kronecker representation for the generator matrix of
a PEPA model in [9], and there are no restrictions on the
structure of a model. In addition to developing a method



for compositionally bounding PEPA components, we extend
Fourneauet al’s algorithm so that it can be applied to a
class of partially ordered state spaces — this contributionis
independent of PEPA. We have implemented the work in this
paper as part of the PEPA plug-in for Eclipse [1].

There has been some other work in relation to compositional
applications of stochastic bounds [3], [14]. The work in [3]in
particular uses a weaker constraint than stochastic monotonic-
ity, to obtain tighter bounds. Our approach is to work with
stochastic monotonicity over partially ordered state spaces.

A summary of this paper is as follows. We begin in
Section II by introducing Markov chains and lumpability, and
in Section III with a description of the existing stochastic
bounding algorithms for Markov chains. In Section IV we
introduce PEPA along with its Kronecker representation. We
then show how to compositionally apply stochastic bounds
to PEPA models in Section V, and present an algorithm for
computing bounds from a partially ordered state space in
Section VI. Finally, we demonstrate this technique on an ex-
ample model in Section VII, before concluding in Section VIII.
Proofs of the theorems in this paper can be found in the
attached Appendix for the purposes of the reviewers.

II. A BSTRACTION OFMARKOV CHAINS

Before we discuss stochastic bounding of Markov chains,
let us first introduce some notation.

Definition 1. A Discrete Time Markov Chain (DTMC) is a
tuple (S,P ), and a Continuous Time Markov Chain (CTMC)
is a tuple(S,P , r). S is a finite non-empty set of states,P :
S × S → [0, 1] is a stochastic matrix, andr : S → R≥0 is a
function describing the rate of exit for each state. For a CTMC
whenr(s) = 0 — i.e. no transitions are possible from state
s — we setP (s, s) = 1, and P (s, s′) = 0 for all s′ 6= s.

The matrix P describes the probabilityP (s1, s2) of transi-
tioning between two statess1 ands2 of the Markov chain in
a single time step. In a DTMC, the duration of this time step
is not specified, whereas for a CTMC it is determined by a
random variableX, such thatPr(X < t) = 1 − e−rt when
the state has an exit rate ofr.

Often, a CTMC is described in terms of its infinitesimal
generator matrixQ, whose elementsQ(i, j) (where i 6= j)
define the rate of transitioning between statesi andj — with
diagonal elements given byQ(i, i) = −

∑

j 6=i Q(i, j). This
can be calculated from the rate functionr and the probability
transition matrixP as follows:

Q = r(P − I)

Here, we define the multiplication of a matrixM by a function
r as(rM)(i, j) = r(i)M(i, j). The steady state of an ergodic
CTMC with generator matrixQ is a row vectorπ, such that
πe = 1 (wheree is a column vector of 1s) andπQ = 0.

If a CTMC has a non-zero exit rate for every state, then we
obtain itsembedded DTMCby simply discarding these rates:

Definition 2. For a CTMCM = (S,P , r), its embedded
DTMC is defined asEmbed(M) = (S,P ).

Fig. 2. Ordinary lumpability of a Markov chain

This, however, alters the behaviour of the Markov chain by
throwing away the relative timing information of its states. In
particular, the steady-state solution of the embedded DTMC
will be different from that of the CTMC. We can avoid this
problem by firstuniformisingthe CTMC.

Definition 3. The uniformisation of a CTMCM = (S,P , r),
with uniformisation rate λ ≥ maxs∈Sr(s) is given by
Unif λ(M) = (S,P , r), wherer(s) = λ for all s ∈ S, and:

P (s, s′) = r(s)
λ

P (s, s′) if s 6= s′

P (s, s) = 1−
∑

s′ 6=s P (s, s′) otherwise

Essentially, uniformisation adjusts the CTMC by insertingself-
loops, so that the exit rate of every state is the same.

Consider a Markov chain with a state spaceS. The basic
idea of state space abstraction is to reduceS to an abstract
state spaceS♯, which should be smaller thanS (|S♯| < |S|). To
define an abstraction, we need a mapping between the concrete
and abstract states:

Definition 4. An abstraction of a state spaceS is a pair
(S♯, α), whereα : S → S♯ is a surjective function that maps
every concrete state to an abstract state.

Aggregating a Markov chain according to an abstraction
α means that we cannot distinguish between states that map
to the same abstract state. Therefore, in order to still have
a Markov chain, the rate of transition between two abstract
states must be independent of the particular concrete statewe
are in. This condition is calledordinary lumpability[10]:

Definition 5. An ordinary lumping of a CTMCM = (S,P , r)
is an abstraction(S♯, α) such that for all statess, s′ ∈ S, if
α(s) = α(s′) then for all statess♯ ∈ S♯:

∑

{t | α(t)=s♯}

r(s)P (s, t) =
∑

{t | α(t)=s♯}

r(s′)P (s′, t)

An ordinary lumping(S♯, α) inducesa new CTMC, in that it
completely defines the transition rates between abstract states.

An example of a lumpable Markov chain is shown in
Figure 2, which can be viewed as a uniformised CTMC with
λ = 1. Solving this Markov chain, the steady state probability
of being in an abstract state (A or B) is equal to the sum of
the probabilities of being in each of its constituent states. In



other words, solving the aggregated CTMC is equivalent to
aggregating the solution of the original CTMC.

III. STOCHASTIC BOUNDING OF MARKOV CHAINS

Stochastic bounding allows us to construct upper and lower
bounds for monotone properties of Markov chains. The focus
of this paper is to bound steady state probabilities, which we
do by constructing upper and lower bounds of the Markov
chain that preserve a bound on the steady state distribu-
tion. The important point is to ensure that these bounds are
lumpable, so that we can reduce the size of the Markov chain
to solve. To do this, we need to define what we mean by a
stochastic orderingon probability distributions.

There are a number of different stochastic orderings [13],
but for our purposes we will use only thestrong stochastic
order, which we denote≤st. This is defined for comparing
random variables in general, but for our purposes we will con-
sider just discrete random variables, which can be represented
as a vector of probabilities, summing to one:

Definition 6. Let X be a random variable on a partially
ordered state space(S,≺), and x be a vector such that
Pr(X ≻ s) =

∑

s′≻s x(s′). Let y be defined similarly for
a random variableY over (S,≺). We say thatx ≤st y if for
all s ∈ S:

∑

s′≻s

x(s′) ≤
∑

s′≻s

y(s′)

We can extend this ordering to Markov chains in both
discrete and continuous time, by looking at their transition
matrices. In particular, there are two important properties of
such stochastic matrices:comparabilityandmonotonicity. We
shall assume that the state space of a matrixP (i.e. its row
and column indices) is a partially ordered set(SP ,≺P ), and
we shall omit the subscript when it is clear from context.
Furthermore, we use the notationP (i, ∗) for row i of matrix
P , which is itself a row vector.

Definition 7. A stochastic matrixP is monotone if for all row
vectorsu, v, u ≤st v implies thatuP ≤st vP . Equivalently,
for all s, s′ ∈ S such thats ≺ s′, P (s, ∗) ≤st P (s′, ∗).

Definition 8. The stochastic matricesP andP ′ are compara-
ble, namely thatP ≤st P ′, if they share the same state space
(S,≺), and for all s ∈ S, P (s, ∗) ≤st P ′(s, ∗).

Using these notions of stochastic comparison and mono-
tonicity, the strong stochastic ordering can be defined for
DTMCs as follows:

Definition 9. Consider the DTMCsM1 = (S,P1) andM2 =
(S,P2). We say thatM1 ≤st M2 if:

1) For the initial distributions (x1,x2), x1 ≤st x2.
2) For the probability transition matrices,P1 ≤st P2.
3) At least one ofP1 and P2 is monotone.

We can similarly compare two CTMCs, in terms of their
embedded DTMCs, if they are first uniformised:

Definition 10. Two CTMCsM1 = (S,P1, r1) andM2 =
(S,P2, r2) are comparable such thatM1 ≤st M2 if for all
valid uniformisation constantsλ:

Embed(Unif λ(M1)) ≤st Embed(Unif λ(M2))

Since stochastic comparison of CTMCs is defined in terms of
stochastic comparison of DTMCs, we can consider only the
latter, without loss of generality, for the remainder of this sec-
tion. The need to uniformise CTMCs, however, will become
important when we apply these techniques compositionally to
PEPA models in Section V.

For stochastic bounds to be of practical use, we need
algorithms to construct monotone upper and lower bounding
matrices, given the probability transition matrix of a DTMC.
Furthermore, not only do we need them to be bounding, but
they must belumpablewith respect to the desired abstraction.

In [7], an algorithm is given to derive an irreducible and
lumpable bounding matrix for a discrete-time Markov chain
(DTMC), assuming that the state space istotally ordered.
The algorithm is an extension of that by Abu-Amsha and
Vincent [2], which finds a monotone upper bounding prob-
ability transition matrix for a DTMC. This algorithm arose
from observing that, forP ≤st R, the following inequalities
must hold for the (n×n) stochastic matrixR to be monotone:

1) For all 1 ≤ i ≤ n, P (i, ∗) ≤st R(i, ∗).
2) For all 1 ≤ i ≤ n− 1, R(i, ∗) ≤st R(i + 1, ∗).

In the basic algorithm, we set the first row ofR equal to that
of P (R(1, ∗) = P (1, ∗)), and then set each subsequent row
according to the maximum of the left-hand sides of the above
inequalities. The conditionP (i, ∗) ≤st R(i, ∗) means that
∑n

k=j P (i, k) ≤
∑n

k=j R(i, k), for all j, since the ordering
is total. This leads to the following definition ofR:

R(i, j) = max







n
∑

k=j

R(i− 1, k),
n

∑

k=j

P (i, k)







−
n

∑

k=j+1

R(i, k)

We can iteratively construct the matrixR based on the
above equation, starting with the first row and the last column,
and iterating down the rows before moving onto the next
column. Since the algorithm for computing a lower bounding
matrix is very similar, we will only consider the construction
of upper bounds throughout this paper.

Unfortunately, this does not guarantee that ifP is irre-
ducible thenR will also be, since it is possible to delete transi-
tions. Fourneauet al. [7] address this by a slight modification
to the algorithm, to avoid unnecessarily deleting transitions.
Furthermore, they produce an upper bounding matrix that is
not only monotone and irreducible, butlumpablewith respect
to a given partition. To achieve this, they structure the matrix
so that states in the same partition have contiguous indices, and
make the matrix lumpable by setting the next state distribution
in each partition to the maximum that occurs within that
partition. This ensures that the matrix remains monotone.

The main disadvantage of this algorithm is that it needs the
state space to be totally ordered. It is possible to extend any
partial order to a total order, but this will result in a stronger



C1 = (a, ra).C2 + (b, rb).C3 D1 = (a, rD).D2

C2 = (τ, r2).C1 + (τ, r2).C3 D2 = (b, rD).D1

C3 = (τ, r3).C2 + (τ, r3).C1

C1 ⊲⊳
{a,b}

D1

Fig. 3. An example PEPA model and its graphical representation

order than we need, and so give lower precision in the bounds.
We will see later, in Section VI, how to modify this algorithm
to work with a simple class of partially ordered state spaces.

IV. T HE PERFORMANCEEVALUATION PROCESSALGEBRA

So far we have looked only at bounding Markov chains,
but the aim of this paper is to present a compositional
approach to bounding stochastic process algebra models. To
this end, let us introduce the Performance Evaluation Process
Algebra (PEPA) [8] — a compositional formalism with CTMC
semantics. In PEPA, asystemis a set of concurrentcompo-
nents, which are capable of performingactivities. An activity
a ∈ Act is a pair (a, r), where a ∈ A is its action type,
and r ∈ R≥0 ∪ {⊤} is the rate of the activity. This rate
parameterises an exponential distribution, and if unspecified
(denoted⊤), the activity is said to bepassive. In this case,
another component is needed to actively drive the rate of this
action. PEPA terms have the following syntax:

C := (a, r).C | C1 + C2 | C1 ⊲⊳
L

C2 | C/L | A

We briefly describe these combinators as follows:

• Prefix ((a, r).C): the component can carry out an activity
of type a at rater to become the componentC.

• Choice (C1 + C2): the system may behave either as
componentC1 or C2. The current activities of both
components are enabled, and the first activity to com-
plete determines which component proceeds. The other
component is discarded.

• Cooperation (C1 ⊲⊳
L

C2): the componentsC1 and C2

synchronise over the cooperation setL. For activities
whose type is not inL, the two components proceed
independently. Otherwise, they must perform the activity
together, at the rate of the slowest component. At most
one of the components may be passive with respect to
this action type.

• Hiding (C/L): the component behaves asC, except that
activities whose type is inL are hidden, and appear
externally as the unknown typeτ .

• Constant(A
def
= C): componentC has the nameA.

The operational semantics of PEPA defines a labelled multi-
transition system, which induces aderivation graphfor a given
component. Since the duration of a transition in this graph is
given by an exponentially distributed random variable, this

corresponds to a CTMC. An example PEPA model with two
components is shown in Figure 3.

To apply stochastic bounds to a PEPA model, we need to
consider the structure of its underlying CTMC. It was shown
in [9] how the generator matrix of this Markov chain can
be represented in a compositional,Kroneckerform. Here, we
develop a slight variation to avoid the need for functional rates.
If we consider the system equation of a PEPA model, it has
the following form:

C1 ⊲⊳
L1

· · · ⊲⊳
LN−1

CN (1)

We can ignore the hiding operatorC/L without loss of
generality, since it is always possible to rename action types
to avoid name conflicts between components.

Considering a sequential componentCi in such a model,
we can view it as inducing a local generator matrixQi —
though strictly speaking, this is not a generator matrix, since
the component might perform passive activities. If we write
Qi in terms of a rate functionr and a probabilistic transition
matrix P , however, we can retain the passive rates inr. If the
component has a state spaceSi — namely,Si = ds(Ci) (the
derivation set ofCi) — then we can writeQi as an|Si|×|Si|
matrix as follows:

Qi =
∑

a

Qi,a =
∑

a

ri,a

(

Pi,a − I|Si|

)

(2)

Here ri,a : Si → R≥0 ∪ {⊤} gives the rate of action type
a for each state inSi, Pi,a gives the next-state transition
probabilities conditional on performing an activity of type a,
and I|Si| is the |Si| × |Si| identity matrix. If, for a states,
ri,a(s) = 0, we write Pi,a(s, s) = 1 and Pi,a(s, s′) = 0 for
s′ 6= s. Since the rate is zero, we could effectively have chosen
any values for this row, but this choice is convenient since it
encodes the fact that we remain in the same state.

To build a compositional representation of the generator
matrix Q of an arbitrary PEPA model, we need to combine
the individual generator matricesQi,a in an appropriate way.
More precisely, the compositional representation ofQ has to
describe the same CTMC as induced by the semantics of
the PEPA model. Because cooperation between two PEPA
components uses theminimumof two rates, we need to be
especially careful that this leads to the correct apparent rate
for each state and action type.

To describe the generator matrix termQi,a for activities
of type a in a componentCi, we will use the shorthand
(ri,a,Pi,a), which we define as follows:

(ri,a,Pi,a) = ri,a

(

Pi,a − I|Si|

)

= Qi,a

whereSi is the state space ofCi. If Ci cannot perform any
activities of action typea, we define its generator matrix term
to beQi,a = (r⊥, I|Si|), wherer⊥(s) = 0 for all s ∈ Si.

Using this notation, we will introduce two Kronecker
operators,� and ⊙, which correspond to cooperating and
independent activities. IfC1 andC2 cooperate over an action



type a, we will use the operator�, defined as follows:

(r1,a,P1,a) � (r2,a,P2,a) =

(min{r1,a, r2,a},P1,a ⊗ P2,a) (3)

where min{r1,a, r2,a}(s1, s2) = min{r1,a(s1), r2,a(s2)} for
all s1 ∈ S1 and s2 ∈ S2. The operator⊗ denotes the
Kronecker product of two matrices [11].

If, on the other hand,C1 and C2 independently perform
activities of typea, we will use the operator⊙, which we
define in terms of�:

(r1,a,P1,a)⊙ (r2,a,P2,a) =

(r1,a,P1,a) � (r⊤, I|S2|) + (r⊤, I|S1|) � (r2,a,P2,a) (4)

where r⊤(s) = ⊤ for all s. Here, ‘+’ is the normal matrix
addition at the level of the generator matrices, but it can be
expressed compositionally as follows:

Theorem 11. Consider two generator matricesQ1 = (r1,P1)
and Q2 = (r2,P2), corresponding to the same state spaceS
(Q1 and Q2 are both|S| × |S| matrices). ThenQ1 +Q2 can
be written as follows:

(r1,P1) + (r2,P2) =

(

r1 + r2,
r1

r1 + r2
P1 +

r2

r1 + r2
P2

)

where (r1 + r2)(s) = r1(s) + r2(s), and ri

r1+r2

(s) =
ri(s)

r1(s)+r2(s)
, i ∈ {1, 2}, for all s ∈ S.

The coefficients ofP1 andP2 describe the relative probability
of taking a transition corresponding toQ1 or Q2. Note that
they are functions, in that each row of the matrix is multiplied
by a different value — this is because the relative apparent
rate can differ between states.

We can now define our Kronecker representation for PEPA
models, using the� and⊙ operators.

Definition 12. The Kronecker formQ(C) of a PEPA model
C = C1 ⊲⊳

L1

· · · ⊲⊳
LN−1

CN is defined as:

Q(C) =
∑

a∈Act(C)

Qa(C)

whereAct(C) is the set of all action types that occur in
C (both synchronised and independent), andQa is defined
inductively as follows (S.C. stands for Sequential Component):

Qa(Ci) = (ri,a,Pi,a) if Ci is an S.C.

Qa(Ci ⊲⊳
L

Cj) =

{

Qa(Ci) �Qa(Cj)
Qa(Ci)⊙Qa(Cj)

if a ∈ L
if a 6∈ L

Theorem 13. For all well-formed1 PEPA modelsC, the
Markov chain given by the generator matrixQ(C) and the
Markov chain induced by the semantics of PEPA have consis-
tent rates of transition between states.

1A well-formed PEPA model is one in which cooperation occurs only at
the level of the system equation.

As an example of how the Kronecker form is applied, let us
take the PEPA model from Figure 3. Applying our Kronecker
form to Q = Q(C1 ⊲⊳

{a,b}
D1):

Q(C1 ⊲⊳
{a,b}

D1) = Qτ (C1) ⊙ Qτ (D1)

+ Qa(C1) � Qa(D1)
+ Qb(C1) � Qb(D1)

If we expand out the� and⊙ operators, showing the tensor
products⊗, we arrive at the following:

Q = min











0
2r2

2r3



 ,

[

⊤
⊤

]















1 0 0
1
2 0 1

2
1
2

1
2 0



⊗

[

1 0
0 1

]

− I6





+ min











⊤
⊤
⊤



 ,

[

0
0

]















1 0 0
0 1 0
0 0 1



⊗

[

1 0
0 1

]

− I6





+ min











ra

0
0



 ,

[

rD

0

]















0 1 0
0 1 0
0 0 1



⊗

[

0 1
0 1

]

− I6





+ min











rb

0
0



 ,

[

0
rD

]















0 0 1
0 1 0
0 0 1



⊗

[

1 0
1 0

]

− I6





(5)
whereI6 = I3 ⊗ I2. Note that the second term in the above
evaluates to zero, because theD component does not perform
any internalτ activities.

V. STOCHASTIC BOUNDING OF PEPA MODELS

Now that we have introduced the Kronecker form for
PEPA models, we can turn to applying stochastic bounds
compositionally. In this section, we will extend the definitions
of stochastic ordering and monotonicity, so that when we
compose the bounds of two PEPA components, the resulting
CTMC is an bound of that induced by the original components.
We will then present an algorithm for constructing these
bounds in Section VI.

The work we present here is general in the sense that it
applies toall PEPA models. This is in contrast to previous
work, which considers the application of stochastic bounds
to particular classes of PEPA model, such as passage time
properties of workflow-structured models [6]. There is an
advantage to looking at specific classes of models, in that it
may be possible to obtain more precise bounds in light of the
additional information that is available. However, generality is
also important, in that we can analyse models without needing
to assume anything about their particular structure.

Before bounding a PEPA model, we need to decide upon
two things — anordering, and apartitioning of its state space.
Since the idea is to produce the bound compositionally, these
must also be defined compositionally. We can lift the definition
of an abstraction(S♯, α) over a Markov chain (Definition 4),
to a PEPA model withN components,C1, . . . , CN , by defin-
ing an abstraction(S♯

i , αi) over the state spaceSi of each
componentCi. Together, these induce an abstraction over the
state spaceS1×· · ·×SN of the system. This defines a unique



Fig. 4. State space ordering and lumpability constraints

partitioning of the state space according to which concrete
states map to the same abstract state.

In addition to partitioning the state space, we need to
provide an ordering. The ordering we choose will in general
depend on the property we are interested in. For example,
if are interested in the steady state probability of being ina
particular set of states, it makes sense to place these at the‘top’
of the ordering. This is so that we can directly compare the
probability of being in this set. Furthermore, choosing a partial
order can be advantageous, since it allows more flexibility
when constructing the bound. The only constraint we have
is to only allow entire partitions to be compared with other
partitions, so that the abstraction can be applied.

The definitions and theorems in this section are applicable
to any partial order, but in order to algorithmically construct
the bound, we will restrict ourselves to the following class:

Definition 14. A simple partial order over a state spaceS is
given by a set ofM disjoint sets,B1, . . . ,BM ⊆ S, where:

s ≺ s′ iff ∃i, j. s ∈ Bi ∧ s′ ∈ Bj ∧ i < j

EachBi may contain multiple partitions, but not vice versa.
This is illustrated in Figure 4, which shows an example state
space ordering and partitioning, and the resulting constraints
on the upper bounding transition matrix.

Given an ordering and partitioning of a state space, we need
to find a monotone CTMC that is both lumpable and an upper
bound of the original CTMC. To do this compositionally, we
must work at the level ofQa = ra(Pa−I), bounding both the
rate functionra and the transition matrixPa separately. This
is so that when we construct the generator matrix of the entire
model, by expanding out the Kronecker form of Definition 12,
it remains upper bounding, monotone and lumpable.

Unfortunately, it is not the case that the monotonicity ofra

andPa implies that ofQa. In order forQa to be monotone, its
embedded DTMC after we uniformise it must be monotone,
as per Definition 10. The effect of uniformisation is to add self
loops (i.e. to add probability mass to the diagonal elements) so
that each state has the same exit rateλ. Sincera is increasing,
however, this means that we add adecreasingamount to the
diagonal element of each row (the ‘−raI ’ term).

This is best illustrated by example. The following rate
functionra and probability transition matrixPa are monotone,
assuming a totally ordered state space, but the embedded
DTMC after uniformisation is not:

ra(Pa − I) =





1
1
2













1
2

1
2 0

1
2 0 1

2
1
2 0 1

2



− I





=





2
2
2













3
4

1
4 0

1
4

1
2

1
4

1
2 0 1

2



− I





(6)

To avoid this problem, we need to strengthen the definitions
of stochastic ordering and monotonicity, by adding an extra
constraint. We call these therate-wise stochastic orderingand
rate-wise monotonicityrespectively. Their definitions are:

Definition 15. For generator matricesQa = ra(Pa− I) and
Q′

a = r′a(P ′
a−I), we say thatQa ≤rst Q′

a under therate-wise
stochastic ordering, if:

1) Pa ≤st P ′
a

2) For all statess:

1 ≤
r′a(s)

ra(s)
≤ min

s′≺s















1−
∑

t≻s′

Pa(s, t)

1−
∑

t≻s′

P ′
a(s, t)















Definition 16. A generator matrixQa = ra(Pa − I) is rate-
wise monotone if:

1) Pa is monotone.
2) For all statess, s′ such thats ≺ s′:

1 ≤
ra(s′)

ra(s)
≤ min

s′′≺s















1−
∑

t≻s′′

Pa(s, t)

1−
∑

t≻s′′

Pa(s′, t)















Intuitively, in both cases, we ensure that the probability
transition matrix increases faster than the rate function,so
that after uniformisation we remain monotone and comparable.
Note that this is not a condition on the original model — we
just need to ensure that the condition holds of the upper bound.

It is important to comment on the above definitions in the
case whenra(s) = 0, since the ratio becomes infinite. In real
terms, this means that we are effectively blocked from adding
probability mass below the diagonal element for previously
disabled activities, since the denominator on the right hand
side must also be zero if the condition is to be satisfied.

We can show that strong stochastic comparison and mono-
tonicity follow from rate-wise stochastic comparison and
monotonicity. This means that the CTMC that we construct
by this method is stochastically comparable in the usual sense.
We state this in the following two theorems:

Theorem 17. If Qa = ra(Pa − I) ≤rst Q′
a = r′a(P ′

a − I ′)
and for all s ∈ S, ra(s) ≤ r′a(s), thenQa ≤st Q′

a.

Theorem 18. If Qa = ra(Pa−I) is rate-wise monotone, and
for all s ≺ s′ ∈ S, ra(s) ≤ ra(s′), thenQa is monotone.



Unfortunately, it is still not the case that rate-wise mono-
tonicity and rate-wise stochastic ordering are preserved in
general when two components cooperate. The problem arises
due to the minimum operator, which is applied to the rate
functions. If we take monotonicity, for example, the ratio
between successive rates places constraints on the probabilistic
transition matrix. When we compose two monotone compo-
nents, it is possible for one to be completely bounded by the
other in terms of its ability to perform an activity of type
a. That is to say, the rate of performinga in each state of
one component is less than the rate ofa in any state of the
other. Hence the minimum of the two rate functions, and the
resulting constraint on the composed probabilistic transition
matrix, depends on only one of the components. The required
constraint on the composed matrix may therefore be tighter
than that of one of the components.

This problem is clearer if we look at a particular example:

ra(Pa − I) =





3
3
3













1
2

1
2 0

1
2 0 1

2
1
2 0 1

2



− I





Note that this is similar to Equation 6, which illustrated
why we need rate-wise comparison and monotonicity. In this
case, the componentis rate-wise monotone, but if it were to
synchronise with a component that has a rate function of, say,
[1, 1, 2], we would result in the same problem as before.

It is therefore not possible for us to construct a bound for
a sequential component, without considering thecontext in
which it occurs. To define this context, we need a measure on
components, to indicate the extent to which the rate function
increases. For monotonicity, we are concerned with the ratio
between successive rates, and in particular the maximum of
these. This is because, when taking the Kronecker product, we
consider all possible state combinations. Hence the maximum
increase will actually occur, and gives a bound on how a
component can affect those that it cooperates with.

Definition 19. The internal rate measure of a componentC,
with generator matrixQa = ra(Pa− I) for action typea, is:

‖C‖a = max
s

{

ra(s′)

ra(s)

∣

∣

∣

∣

s′ ∈ succ(s)

}

Here,succ(s) denotes the set of immediate successors of the
states as defined by the simple partial order. More precisely,
s′ ∈ succ(s) iff s′ ≻ s ∧ ¬∃s′′. s′ ≻ s′′ ≻ s. In the case of
stochastic ordering, we need to compare the rate functions of
two components (the original and the bound), but otherwise
the same principle applies:

Definition 20. The comparative rate measure of components
C and C ′, with generator matricesQa = ra(Pa − I) and
Q′

a = r′a(P ′
a−I) respectively for action typea, is defined as:

‖C,C ′‖a = max
s

{

r′a(s)

ra(s)

}

In the above definitions, note that the ratio may be undefined
(i.e. ra(s) = 0). In this case, we define the ratio to have the
value⊤, which dominates all the reals.

We can now define precisely what we mean by a context,
which is slightly different to a conventional process algebra
definition, since we care only about those components that can
affect the rate at which we perform an activity.

Definition 21. The contextC of a componentC is the set of
all components that it can cooperate with, as defined by the
system equation. We say thatC is internally bounded byBint ,
with respect to action typea, if:

∀Ci ∈ C, ‖Ci‖a ≤ Bint

Furthermore,C andC′ are comparatively bounded byBcomp ,
with respect to action typea, if:

∀Ci ∈ C, ‖Ci, C
′
i‖a ≤ Bcomp

Since the internal and comparative bounds depend only on
the rate functions, we have a simple algorithm for computing
them. If we construct a monotone upper bound of each
rate function before bounding the transition matrices, we can
compute the internal and comparative bounds of a context as
the maximum bounds of the components within the context.

This leads us to the final extension of our definitions —
thecontext-bounded rate-wise stochastic orderingandcontext-
bounded rate-wise monotonicity, which extend Definitions 15
and 16 respectively. Intuitively, they require the rate function
ri,a of componenti to not increase faster than the matrices
Pj,a, j 6= i, of all its cooperating components allow for.

Definition 22. For generator matricesQa = ra(Pa− I) and
Q′

a = r′a(P ′
a − I), we say thatQa ≤

Bcomp

rst Q′
a under the

context-bounded rate-wise stochastic ordering, if:

1) Pa ≤st P ′
a

2) For all statess:

1 ≤ max

{

r′a(s)

ra(s)
, Bcomp

}

≤ min
s′≺s















1−
∑

t≻s′

Pa(s, t)

1−
∑

t≻s′

P ′
a(s, t)















We extend the definition of rate-wise monotonicity similarly:

Definition 23. A generator matrixQa = ra(Pa − I) is
context-bounded rate-wise monotone with respect toBint , if:

1) Pa is monotone.
2) For all statess, s′ such thats ≺ s′:

1 ≤ max

{

ra(s′)

ra(s)
, Bint

}

≤ min
s′′≺s















1−
∑

t≻s′′

Pa(s, t)

1−
∑

t≻s′′

Pa(s′, t)















We can now prove that the CTMC of the system, after compos-
ing the individual components, is a monotone, lumpable upper
bound of the concrete CTMC, with respect to the ordering
on each component. For componentsC1 and C2 with state
spaces(S1,≺1) and (S2,≺2) respectively, the� operator
preserves stochastic comparison and monotonicity with respect
to the lifted orders(S1×S2,≺

L
1 ) and(S1×S2,≺

L
2 ). We say



(s1, s2) ≺
L
1 (s′1, s

′
2) if s1 ≺1 s′1, and¬∃s′′2 . s′′2 ≺2 s2. We

define≺L
2 similarly.

Theorem 24(Montonicity). Let two components,C1 andC2,
occur in contextsC1 and C2 respectively, whereC1 ∈ C2 and
C2 ∈ C1. Let C1 be internally bounded byB1

int and C2 by
B2

int , for action typea.
If the matricesQ1,a = r1,a(P1,a − I) of C1 and Q2,a =

r2,a(P2,a−I) of C2 are context-bounded rate-wise monotone
by B1

int and B2
int respectively, then(r1,a,P1,a) � (r2,a,P2,a)

is context-bounded rate-wise monotone by the internal bound
B3

int of the contextC1∩C2 of C1 ⊲⊳
L

C2, for all action setsL.

Theorem 25(Lumpability). Let C1 andC2 be PEPA models
with generator matricesQ1 =

∑

a Q1,a and Q2 =
∑

a Q2,a,
whereQ1,a = r1,a(P1,a−I) andQ2,a = r2,a(P ′

2,a−I). Then
for all action typesa, if the termsQ1,a in Q1 andQ2,a in Q2

are ordinarily lumpable according to the partitionsL1 andL2

respectively, then the termQa = (r1,a,P1,a) � (r2,a,P2,a) in
Q =

∑

a Qa is ordinarily lumpable according toL1 × L2.

Theorem 26 (Stochastic Order). Consider the components
Ci andC ′

i, with generator matricesQi,a = ri,a(Pi,a−I) and
Q′

i,a = r′i,a(P ′
i,a − I), for i ∈ {1, 2} and action typea. Let

Qi,a ≤
Bi

comp

rst Q′
i,a, with contextsCi ≤st C

′
i, whereBi

comp is the
comparative bound ofCi and C′i. If B3

comp is the comparative
bound of the contextsC1 ∩ C2 and C′1 ∩ C′2, we have

(r1,a,P1,a) � (r2,a,P2,a) ≤
B3

comp

rst (r′1,a,P ′
1,a) � (r′2,a,P ′

2,a).

The preservation of monotonicity and stochastic order is
ensured by the definitions we have developed. Lumpability
is preserved by the PEPA cooperation combinator, as a con-
sequence of the strong equivalence congruence [8].

It is straightforward to show that corresponding theorems
hold for compositional addition of matrices as per Theorem 11,
if they have the same partially ordered state space. A con-
sequence is that we just need to construct an upper bound
for the rate function and probability transition matrix of each
sequential component for each action type, so that when we
expand the� and⊙ operators of the Kronecker form, we get
an upper bound for the CTMC of the entire model.

VI. A N ALGORITHM FOR COMPUTING A PARTIALLY

ORDEREDSTOCHASTIC BOUND OF A PEPA COMPONENT

Our algorithm for constructing an upper bound for a steady
state property of a PEPA model is as follows. We assumen
components,C1, . . . , Cn, in shared action cooperation form,
with cooperation setL. For each action typea 6∈ L, we rename
a to the local action typeτ — i.e. we group all local transitions
together. Each componentCi has an abstraction(S♯

i , αi), and
a simple partial order specified byBi = {Bi,1, . . .Bi,mi

}.

1) For each componentCi, we construct a mappingIi

from its state spaceSi to matrix indices{1, . . . , |Si|}, so
that states in the same partition have contiguous indices,
which are ordered such thats ≺ s′ ⇒ Ii(s) < Ii(s

′).
2) We compute a lumpable monotone upper bounding

rate functionr′i,a from the rate functionri,a of each

Algorithm 1 An algorithm for constructing a context-bounded
rate-wise upper bounding probability transition matrix

1: y′ ← |S♯
i |

2: for y ← |S♯
i | to 1 do

3: if b(y) = b(Bk) for someBk then
4: refresh sum(P ,R, b(y), e(y′))
5: normalise(R, b(y), e(y′))
6: for p← y′ to y do
7: normalise partition(R, b(p), e(p))
8: end for
9: y′ ← y − 1

10: end if
11: end for

componentCi and action typea ∈ L:

r′i,a(s ∈ Bi,k) = max







{ri,a(s′) | αi(s
′) = αi(s)} ∪

mi
⋃

j=k+1

{ri,a(s′) | s′ ∈ Bi,j}







3) We calculate the internal boundBint and comparative
bound Bcomp for the context of each component and
action typea ∈ L, using the bounded rate functions.

4) We compute an upper bounding probability transition
matrix Ri,a from the transition matrixPi,a of each
componentCi and action typea ∈ L (Algorithm 1).

5) For the internal action typeτ , we uniformise the gen-
erator matrixQi,τ of each componentCi, and apply
Algorithm 1 with no context constraints. Since every
state has the same exit rate, the algorithm reduces to that
of Fourneauet al. over a partially ordered state space.

6) We construct and solve the generator matrix obtained
by multiplying out the Kronecker representation of the
upper bounding model2.

It is important to note that not all of the components in the
model necessarily need to have ordering constraints on their
state space. For example, if we are interested in a property
of just one component — i.e. the projection from the state
space of the system onto that of the component — then we
have no particular constraints on the probability distributions
of the other components. But what does this mean in terms
of constructing a bound for that component? The theorems in
the previous section only account for when weneedto bound
a component. If we wish to exclude one of the components,
we have to assume the ‘worst’ case — that is to say, that the
component does not have any effect on the rest of the system.

Intuitively, when we bound a component, we maximise the
probability of moving into higher valued states in the ordering.
Since cooperation in PEPA takes the minimum of two rates,
it is possible for a component to limit, but not increase, the
transition rates for a particular action type. Hence amonotone

2To implement this, we need to explore the transition system generated
by the new model, rather than performing the Kronecker multiplications
explicitly. This avoids including unreachable states, which would result in
a singular generator matrix.



Algorithm 2 refresh sum(P ,R, b, e)

1: for Bk ← B1 to Bm do

2: Rmax ← max
s∈Bk−1

|S|
∑

j=b

R(s, j)

3: Pmax ← max
s∈Bk

|S|
∑

j=b

P (s, j)

4: BI ← 1−min







Bint ,
max
s∈Bk

r(s)

max
s∈Bk

r′(s)







(1−Rmax )

5: BC ← 1−min







Bcomp ,

max
s∈Bk−1

r′(s)

max
s∈Bk

r′(s)







(1− Pmax )

6: for i← b(Bk) to e(Bk) do
7: if i ≥ b then
8: Σnew ← max{Rmax , Pmax ,BI ,BC }
9: else

10: Σnew ← max{Rmax , Pmax}
11: end if

12: Pnew ← Σnew −

|S|
∑

j′=e+1

R(i, j′)

13: Pold ←

e
∑

j=b

P (i, j)

14: for j ← b to e do
15: if Pold > 0 then
16: R(i, j)← P (i,j)

Pold
Pnew

17: else
18: R(i, j)← 1

e−b+1Pnew

19: end if
20: end for
21: end for
22: end for

upper bound for a component is a true upper bound in the
worst case context. This means that we can ignore other
components and still obtain, locally, an upper bound.

Let us examine Algorithm 1 in more detail. This takes as
input a probability transition matrixP , and an empty matrixR
(of the same dimensions) in which to construct the monotone
and lumpable upper bound. We assume that the upper bound
r′ of the rate functionr has already been constructed, along
with the internal and comparative bounds,Bint and Bcomp .
We defineb(y) and e(y) respectively as the minimum and
maximum index in the set{I(s) | I♯(α(s)) = y}3. b(Bk) and
e(Bk) are defined similarly for the set{I(s) | s ∈ Bk}.

Algorithm 1 makes use of three sub-procedures:

1) refresh sum(P ,R, b, e) (Algorithm 2) ensures that for
each ordering block, from indicesb to e, the matrixR

is context-bounded rate-wise monotone, and an upper
bound ofP . The core of this algorithm is the compu-
tation of Σnew , where the boundsBI and BC come

3I♯ is defined such thatI(s) < I(s′) ⇒ I♯(α(s)) ≤ I♯(α(s′)).

Algorithm 3 normalise(R, b, e)

1: for y ← 1 to |S♯| do

2: Rnew ←
e(y)
max
i=b(y)

e
∑

j=b

R(i, j)

3: for i← b(y) to e(y) do

4: Rold ←
e

∑

j=b

R(i, j)

5: for j ← b to e do
6: if Rold > 0 then
7: R(i, j)← R(i,j)

Rold
Rnew

8: else
9: R(i, j)← 1

e−b+1Rnew

10: end if
11: end for
12: end for
13: end for

Algorithm 4 normalise partition(R, b, e)

1: for y ← 1 to |S♯| do

2: Raverage ←
1

e(y)−b(y)+1

e(y)
∑

i=b(y)

e
∑

j=b

R(i, j)

3: for i← b(y) to e(y) do
4: for j ← b to e do
5: R(i, j)← Raverage

6: end for
7: end for
8: end for

directly from re-arranging the definitions of context-
bounded rate-wise stochastic ordering and monotonicity
respectively (Definitions 22 and 23). These additional
constraints are only needed for elements on or below
the diagonal (i ≥ b), since the ‘−raI ’ term — which
is the reason for the rate-wise extension to stochastic
ordering and monotonicity — only applies to sums that
include the diagonal element.
To achieve a new row sum ofΣnew , we adjust the
individual entries inR so that the relative probabilities
are preserved. This is a choice that we make, to minimise
our impact on the matrix — because we do not have a
total order, we can distribute the probability mass within
an ordering block in any way.

2) normalise(R, b, e) (Algorithm 3) ensures that for each
partition in the ordering block from indicesb to e,
states in the same partition have the same probability
of moving to a different ordering block.

3) normalise partition(R, b, e) (Algorithm 4) ensures that
each state in the partition from indicesb to e has the
same probability of moving to another partition. We
choose to assign the average transition probabilities.

Essentially, thenormalise procedure ensures lumpability of
ordering blocks — by ‘borrowing’ probability mass from



PC i = (arrive, λi).PC ′
i + (walkoni⊕1,⊤).PC i

PC ′
i = (servei,⊤).PC i

Server i = (walkoni⊕1, ω).Server i⊕1 + (servei, µ).Server ′
i

Server ′
i = (walk i⊕1, ω).Server i⊕1

(PC 0 ‖ · · · ‖ PCn−1) ⊲⊳
{walkon,serve}

Server0

Fig. 5. A PEPA model of a round-robin server

Aggregated States State Space Size Upper Bound
None 768 0.31184

{Server
′
0...5 } 7 0.33333

{Server0...5 } 7 0.75000

{Server
′
2...5,Server3...5 } 6 1.00000

Fig. 6. Steady state probability of being in aServer
′
i state

lower ordering blocks — which preserves monotonicity. The
normalise partition procedure then ensures lumpability of
partitions, by re-distributing probability mass within the same
ordering block.

VII. A N EXAMPLE

We have implemented the stochastic bounding algorithm
presented in the previous section as part of the PEPA plug-in
for Eclipse [1], and we will now consider its application to a
PEPA model. Consider the model in Figure 5. This describes
a set ofn PCs, which are serviced in a round-robin fashion
by a server. Jobs arrive at computerPC i at rateλi, and the
service rate of the server isµ. The server in statei moves to
statei ⊕ 1 = (i + 1)mod n, after serving a job from PCi
(with the walk activity) or not (with thewalkonactivity).

Consider this model whenn = 6, in which case the
concrete PEPA model has 768 states. To avoid any symmetry
in the model that could allow a more exact aggregation, we
will assume that every computer has a different arrival rate:
λi = i + 1. One property of interest is the proportion of time
the server spends in aServer ′

i state — in other words, it has
just served a job but is not yet ready to serve another. Figure6
shows the steady state probability of{Server ′

i} for different
choices of states to aggregate in theServer component. The
first entry is the exact probability, and the others are upper
bounds obtained by the simple partial orderB1 = {Server i}
andB2 = {Server ′

i}. Note that this partial order is the best
we can choose given the property of interest, as it is the
weakestordering, and therefore imposes the least number of
constraints.

From these results, we see that aggregating all theServer ′

states gives a good upper bound on the actual probability. The
other choices of aggregation yield poor results, however, which
illustrates how the choice of abstraction can dramaticallyaffect
the precision. In general, we cannot obtain precise bounds for
all models and properties, but this technique has the advantage
of being very fast, even if we obtain only limited information.

VIII. C ONCLUSIONS

Stochastic bounding is a powerful technique for reducing
the size of a Markov chain, and allows us to obtain bounds
on steady state probabilities. We have applied this compo-
sitionally to PEPA models, allowing us to bound models
where the underlying state space is too large to represent. The
algorithm we have presented and implemented enables these
bounds to be constructed automatically, given an ordering and
partitioning of the state space of each component.

There are many other techniques for abstracting Markov
chains that we did not mention — to name but a few,
abstract Markov chains [5], disaggregation/aggregation [12]
and quasi-lumpability [4]. Abstract Markov chains are useful
for bounding transient properties, but not for steady state
properties, since the abstraction does not result in a Markov
chain. Disaggregation/aggregation and quasi-lumpability can
be applied to steady state properties, but are approximate tech-
niques — it is difficult to reason about the error introduced.

Whilst we have demonstrated the utility of compositional
stochastic bounds, there remain many interesting future re-
search directions. In particular, we intend to investigatethe
benefits of combining components before applying the abstrac-
tion. In summary, stochastic bounding is a useful techniquefor
stochastic process algebra modellers to have at their disposal,
and we feel that we have broadened its applicability.
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APPENDIX

Theorem 11.Consider two generator matricesQ1 = (r1,P1)
and Q2 = (r2,P2), corresponding to the same state spaceS
(Q1 and Q2 are both|S| × |S| matrices). ThenQ1 +Q2 can
be written as follows:

(r1,P1) + (r2,P2) =

(

r1 + r2,
r1

r1 + r2
P1 +

r2

r1 + r2
P2

)

where (r1 + r2)(s) = r1(s) + r2(s), and ri

r1+r2

(s) =
ri(s)

r1(s)+r2(s)
, i ∈ {1, 2}, for all s ∈ S.

Proof: The proof is as follows. For an entrys, s′, when
s 6= s′, in Q1 + Q2, we have:

(Q1 + Q2)(s, s
′) = ((r1,P1) + (r2,P2))(s, s

′)
= (r1,P1)(s, s

′) + (r2,P2)(s, s
′)

= r1(s)P1(s, s
′) + r2(s)P2(s, s

′)

= (r1(s) + r2(s))
(

r1(s)
r1(s)+r2(s)

P1(s, s
′) +

r2(s)
r1(s)+r2(s)

P2(s, s
′)

)

=
(

r1 + r2,
r1

r1+r2

P1 + r2

r1+r2

P2

)

(s, s′)

Whens = s′, we similarly have:

(Q1 + Q2)(s, s) = ((r1,P1) + (r2,P2))(s, s)
= (r1,P1)(s, s) + (r2,P2)(s, s)
= r1(s)(P1(s, s)− 1) + r2(s)(P2(s, s)− 1)

= (r1(s) + r2(s))
(

r1(s)
r1(s)+r2(s)

P1(s, s) +

r2(s)
r1(s)+r2(s)

P2(s, s)− 1
)

=
(

r1 + r2,
r1

r1+r2

P1 + r2

r1+r2

P2

)

(s, s)

Theorem 13.For all well-formed PEPA modelsC, the Markov
chain given by the generator matrixQ(C) and the Markov
chain induced by the semantics of PEPA have consistent rates
of transition between states.

Proof: Since, in a PEPA model, the transitions of each
action type are independent from one another, we can consider
them separately. We therefore need to prove that for each
action type, the transition rates induced by the Kronecker form
are identical to those induced by the PEPA semantics, as given
in [8].

We proceed by induction on the structure of the system
equation. In the base case, for a sequential componentCi,
Qa(Ci) = (ri,a,Pi,a) corresponds, by Definition 12, precisely
to those activities of typea that Ci can perform. In other
words, for s, s′ ∈ Si, ri,a(s) is the apparent rate of action
type a in states, andPi,a(s, s′) is the relative probability of
moving to states′, if we perform ana activity in states.

For the inductive case, we make the hypothesis that there

is a transitionC1
(a,r)
−−−→ C2 induced by the PEPA semantics

of a componentC — where C may be a composition of
sequential components, andC1, C2 ∈ ds(C) — if and only if
Qa(C)(C1, C2) = ra(C1)Pa(C1, C2) = r. We can ignore the
case whenC1 = C2 as self loops cancel out in the generator
matrix.

Assume that there is an additional componentC ′ such

that C ′
1

(a,r′)
−−−→ C ′

2 iff Qa(C ′)(C ′
1, C

′
2) = r′, as above.

We will prove that for all sets of action typesL,

C ⊲⊳
L

C ′ induces a transitionC1 ⊲⊳
L

C ′
1

(a,R)
−−−→ C2 ⊲⊳

L
C ′

2 iff
Qa(C ⊲⊳

L
C ′)(C1 ⊲⊳

L
C ′

1, C2 ⊲⊳
L

C ′
2) = R.

Consider the casea ∈ L. Then:

Qa(C ⊲⊳
L

C ′)(C1 ⊲⊳
L

C ′
1, C2 ⊲⊳

L
C ′

2)

= (Qa(C) �Qa(C ′))(C1 ⊲⊳
L

C ′
1, C2 ⊲⊳

L
C ′

2)

= ((ra,Pa) � (r′a,P ′
a))(C1 ⊲⊳

L
C ′

1, C2 ⊲⊳
L

C ′
2)

= (min{ra, r′a},Pa ⊗ P ′
a)(C1 ⊲⊳

L
C ′

1, C2 ⊲⊳
L

C ′
2)

= min{ra(C1), r
′
a(C ′

1)}(Pa(C1, C2)× P ′
a(C ′

1, C
′
2))

= min{ra(C1), r
′
a(C ′

1)}
r

ra(C1)
r′

r′
a(C′

1
)

where the final step follows from the induction hypothesis.
This is equal by definition to the PEPA semantics of cooper-
ation for action typesa ∈ L, hence gives the rateR of the

transition C1 ⊲⊳
L

C ′
1

(a,R)
−−−→ C2 ⊲⊳

L
C ′

2 induced by the PEPA
semantics.



Consider the casea 6∈ L. Then:

Qa(C ⊲⊳
L

C ′)(C1 ⊲⊳
L

C ′
1, C2 ⊲⊳

L
C ′

2)

= (Qa(C)⊙Qa(C ′))(C1 ⊲⊳
L

C ′
1, C2 ⊲⊳

L
C ′

2)

= ((ra,Pa)⊙ (r′a,P ′
a))(C1 ⊲⊳

L
C ′

1, C2 ⊲⊳
L

C ′
2)

= ((ra,Pa) � (r⊤, I) + (r⊤, I) � (r′a,P ′
a))

(C1 ⊲⊳
L

C ′
1, C2 ⊲⊳

L
C ′

2)

= min{ra,⊤}(C1, C
′
1)Pa(C1, C2)I(C ′

1, C
′
2) +

min{⊤, r′a}(C1, C
′
1)I(C1, C2)P

′
a(C ′

1, C
′
2)

= ra(C1)Pa(C1, C2)I(C ′
1, C

′
2) +

r′a(C ′
1)I(C1, C2)P

′
a(C ′

1, C
′
2)

=







ra(C1)Pa(C1, C2) if C ′
2 = C ′

1

r′a(C ′
1)P

′
a(C ′

1, C
′
2) if C2 = C1

0 otherwise

=







r if C ′
2 = C ′

1

r′ if C2 = C1

0 otherwise

where the final step follows from the induction hypothe-
sis. This corresponds to the PEPA semantics of coopera-
tion for action typesa 6∈ L, where the activities of the
two components take place independently. In other words,

C1 ⊲⊳
L

C ′
1

(a,r)
−−−→ C2 ⊲⊳

L
C ′

1 if C1
(a,r)
−−−→ C2 in componentC,

andC1 ⊲⊳
L

C ′
1

(a,r′)
−−−→ C1 ⊲⊳

L
C ′

2 if C ′
1

(a,r′)
−−−→ C ′

2 in C ′.

Theorem 17. If Qa = ra(Pa − I) ≤rst Q′
a = r′a(P ′

a − I ′)
and for all s ∈ S, ra(s) ≤ r′a(s), thenQa ≤st Q′

a.

Proof: For anyλ that is not exceeded in magnitude by
any diagonal element ofQa or Q′

a, we need to show that
Qa

λ
+I ≤st

Q′
a

λ
+I, by the definition of the stochastic ordering

on CTMCs. This corresponds to showing that:

raPa

λ
+

(

1−
ra

λ

)

I

≤st
r′aP ′

a

λ
+

(

1−
r′a
λ

)

I

remembering thatra andr′a are apparent rate functions, which
can be written as vectors. By the definition of the strong
stochastic ordering, this requires that, for each rows and for
all statess′:

ra(s)

λ

∑

t≻s′

Pa(s, t) +

(

1−
ra(s)

λ

)

1s′≺s

≤
r′a(s)

λ

∑

t≻s′

P ′
a(s, t) +

(

1−
r′a(s)

λ

)

1s′≺s

where1s′≺s is the indicator function, evaluating to one if the
conditions′ ≺ s holds, and to zero otherwise. If we are above
the diagonal element (i.e. the indicator term evaluates to zero),
then the relation holds sincera(s) ≤ r′a(s) and Pa ≤st P ′

a.
Otherwise, we have, fors′ ≺ s:

ra(s)

λ

∑

t≻s′

Pa(s, t)−
ra(s)

λ

≤
r′a(s)

λ

∑

t≻s′

P ′
a(s, t)−

r′a(s)

λ

which, on re-arranging, gives:

r′a(s)

ra(s)
≤

1−
∑

t≻s′

Pa(s, t)

1−
∑

t≻s′

P ′
a(s, t)

But since we know that the left-hand side is less than or equal
to the minimum of all possible ratios on the right-hand side,
this holds for alls′.



Theorem 18. If Qa = ra(Pa−I) is rate-wise monotone, and
for all s ≺ s′ ∈ S, ra(s) ≤ ra(s′), thenQa is monotone.

Proof: For anyλ that is not exceeded in magnitude by
any diagonal element ofQa, we need to show thatQa

λ
+ I is

monotone, by the definition of monotonicity for CTMCs. This
corresponds to showing that:

raPa

λ
+

(

1−
ra

λ

)

I

is monotone, where we write the apparent rate functionra as
a vector. By the definition of monotonicity, we require for all
statess ands′, such thats ≺ s′ (two rows that we compare),
and for all statess′′ (elements along the row):

ra(s)

λ

∑

t≻s′′

Pa(s, t) +

(

1−
ra(s)

λ

)

1s′′≺s

≤
ra(s′)

λ

∑

t≻s′′

Pa(s′, t) +

(

1−
ra(s′)

λ

)

1s′′≺s′

If we are above the diagonal element in both rows (i.e. the
indicator terms1s′′≺s and1s′′≺s′ both evaluate to zero), then
the relation holds sincera(s) ≤ ra(s′) and Pa is monotone.
Otherwise, we have to consider two cases; whens ≺ s′′ ≺ s′,
and whens′′ ≺ s.

Whens ≺ s′′ ≺ s′, we have:

ra(s)

λ

∑

t≻s′′

Pa(s, t)

≤
ra(s′)

λ

∑

t≻s′′

Pa(s′, t) + 1−
ra(s′)

λ

which holds as before, since1− ra(s′)
λ

> 0.
Finally, whens′′ ≺ s, we have:

ra(s)

λ

∑

t≻s′′

Pa(s, t)−
ra(s)

λ

≤
ra(s′)

λ

∑

t≻s′′

Pa(s′, t)−
ra(s′)

λ

which, on re-arranging, gives:

ra(s′)

ra(s)
≤

1−
∑

t≻s′′

Pa(s, t)

1−
∑

t≻s′′

Pa(s′, t)

But since we know that the left-hand side is less than or equal
to the minimum of all possible ratios on the right-hand side,
this holds for alls′′.

Theorem 24 (Montonicity). Let two components,C1 andC2,
occur in contextsC1 and C2 respectively, such thatC1 ∈ C2
and C2 ∈ C1. Let C1 be internally bounded byB1

int , and C2
by B2

int , for action typea.
If the matricesQ1,a = r1,a(P1,a − I) of C1 and Q2,a =

r2,a(P2,a−I) of C2 are context-bounded rate-wise monotone
by B1

int and B2
int respectively, then(r1,a,P1,a) � (r2,a,P2,a)

is context-bounded rate-wise monotone by the internal bound
B3

int of the contextC3 of C1 ⊲⊳
L

C2, for all action setsL.

To prove this theorem, we will first establish the following
two lemmas. Lemma 27 shows that the Kronecker product
preserves monotonicity, and Lemma 28 shows that the mini-
mum of two monotone functions is also monotone. We omit
the subscripta for brevity, hence we writePi in place ofPi,a,
andri in place ofri,a for i ∈ {1, 2}:

Lemma 27. Let P1 and P2 be monotone stochastic matrices
describing the PEPA componentsC1 and C2 respectively,
which have state spaces(S1,≺1) and (S2,≺2). ThenP1⊗P2

is also monotone under the lifted orderings≺L
1 and ≺L

2 on
S1 × S2.

Proof: Consider states(s1, s2) ≺
L
1 (s′1, s

′
2), recalling that

this implies thats1 ≺1 s′1 and¬∃s′′2 . s′′2 ≺2 s2. We need to
show that the following inequality holds, for alls ∈ ds(C1)
and t ∈ ds(C2):

∑

(s′,t′)≻L
1
(s,t)

P1(s1, s
′)P2(s2, t

′)

≤
∑

(s′,t′)≻L
1
(s,t)

P1(s
′
1, s

′)P2(s
′
2, t

′)

But in order for there to be any states(s′, t′) ≻ (s, t), t must
be the smallest state in(S2,≺2). Hence this is equivalent to:

∑

s′≻1s

∑

t′∈S2

P1(s1, s
′)P2(s2, t

′)

≤
∑

s′≻1s

∑

t′∈S2

P1(s
′
1, s

′)P2(s
′
2, t

′)

which we rewrite to give:
∑

s′≻1s

P1(s1, s
′) ≤

∑

s′≻1s

P1(s
′
1, s

′)

This holds sinceP1 is monotone under(S1,≺1). The proof
of monotonicity under(S1 × S2,≺

L
2 ) follows similarly.

Lemma 28. Let r1 and r2 be monotone functions. Then
r3(s1, s2) = min{r1(s1), r2(s2)} is also monotone, under the
orderings(S1 × S2,≺

L
1 ) and (S1 × S2,≺

L
2 ).

Proof: Consider states(s1, s2) ≺
L
1 (s′1, s

′
2). By definition,

s1 ≺1 s′1 and eithers2 ≺1 s′2 or s2 = s′2. There are two cases
to consider:

Case 1: min{r1(s
′
1), r2(s

′
2)} = r1(s

′
1). Then:

min{r1(s1), r2(s2)} ≤ r1(s1)
≤ r1(s

′
1)

≤ min{r1(s
′
1), r2(s

′
2)}



Case 2: min{r1(s
′
1), r2(s

′
2)} = r2(s

′
2). Then:

min{r1(s1), r2(s2)} ≤ r2(s2)
≤ r2(s

′
2)

≤ min{r1(s
′
1), r2(s

′
2)}

Hence r3 is monotone with respect to(S1 × S2,≺
L
1 ). The

proof of monotonicity under(S1 × S2,≺
L
2 ) follows similarly.

Proof: [Theorem 24] Let (S1,≺1) and (S2,≺2) be the
state spaces of componentsC1 and C2 respectively. We will
show that the generator matrixmin{r1, r2}(P1 ⊗ P2 − I) is
monotone with respect to(S1 × S2,≺

L
1 ).

We know from Lemma 27 that the matrixP1 ⊗ P2 is
monotone, and from Lemma 28 that the apparent rate function
min{r1, r2} is monotone increasing. Hence, for all states
(s1, s2) ≺

L
1 (s′1, s

′
2), we need to show that:

max

{

B3
int ,

min{r1(s
′
1), r2(s

′
2)}

min{r1(s1), r2(s2)}

}

≤ min
(t1,t2)≺L

1
(s1,s2)



















1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s
′
1, t

′
1)P2(s

′
2, t

′
2)



















whereB3
int is the internal bound of the contextC′′ of C ⊲⊳

L
C ′:

Let (t1, t2) be the state under which the ratio on the right
hand side is at a minimum. Sincet1 ≺1 s1 by definition of
≺L

1 , we know that the following relation holds:

max

{

B1
int ,

r1(s
′
1)

r1(s1)

}

≤

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

1−
∑

t′
1
≻1t1

P1(s
′
1, t

′
1)

Furthermore, since by definitionB1
int ≥

r2(s
′
2
)

r2(s2)
, B2

int ≥
r1(s

′
1
)

r1(s1)
,

andB3
int ≤ min{B1

int , B
2
int}, we can infer that:

max

{

B3
int ,

r1(s
′
1)

r1(s1)
,
r2(s

′
2)

r2(s2)

}

≤ max

{

B1
int ,

r1(s
′
1)

r1(s1)

}

To complete the proof, we need to make use of the following
observation:

Observation 29. For all positivea, b, c, d ∈ R:

max
{a

b
,
c

d

}

≥
min{a, c}

min{b, d}

since a
b
≥ min a,c

b
and c

d
≥ min a,c

d
.

Using this observation, and the fact thatt2 must be the

smallest state in(S2,≺2) by the definition of≺L
1 :

max

{

B3
int ,

min{r1(s
′
1), r2(s

′
2)}

min{r1(s1), r2(s2)}

}

≤ max

{

B3
int ,

r1(s
′
1)

r1(s1)
,
r2(s

′
2)

r2(s2)

}

≤ max

{

B1
int ,

r1(s
′
1)

r1(s1)

}

≤

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

1−
∑

t′
1
≻1t1

P1(s
′
1, t

′
1)

=

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

∑

t′
2
∈S2

P2(s2, t
′
2)

1−
∑

t′
1
≻1t1

P1(s
′
1, t

′
1)

∑

t′
2
∈S2

P2(s
′
2, t

′
2)

≤

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s
′
1, t

′
1)P2(s

′
2, t

′
2)

= min
(t1,t2)≺(s1,s2)



















1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s
′
1, t

′
1)P2(s

′
2, t

′
2)



















The proof of monotonicity under(S1 × S2,≺
L
2 ) follows

similarly.
Thus context-bounded rate-wise monotonicity is preserved

by �.



Theorem 25 (Lumpability). Let C1 andC2 be PEPA models
with generator matricesQ1 =

∑

a Q1,a and Q2 =
∑

a Q2,a,
whereQ1,a = r1,a(P1,a−I) andQ2,a = r2,a(P ′

2,a−I). Then
for all action typesa, if the termsQ1,a in Q1 andQ2,a in Q2

are ordinarily lumpable according to the partitionsL1 andL2

respectively, then the termQa = (r1,a,P1,a) � (r2,a,P2,a) in
Q =

∑

a Qa is ordinarily lumpable according toL1 × L2.

Proof: Observe thatQ is the generator matrix of
C1 ⊲⊳

L
C2, for some cooperation setL. For each action type

a, Q1,a is strongly equivalent to the lumped matrixL1(Q1,a),
in that anya activity in Q1,a can be matched by ana activ-
ity in L1(Q1,a). Similarly, Q2,a and L2(Q2,a) are strongly
equivalent.

It has been proven in [8] that the PEPA cooperation com-
binator preserves strong equivalence, and that strong equiv-
alence implies ordinary lumpability. It follows thatQa =
(r1,a,P1,a) � (r2,a,P2,a) is strongly equivalent to:

L1(r1,a,P1,a) � L2(r2,a,P2,a)
= (L1 × L2)((r1,a,P1,a) � (r2,a,P2,a))

HenceQa is ordinarily lumpable according to the partition
L1 × L2.

Since for all action typesQa is ordinarily lumpable, it
follows that Q =

∑

a Qa is ordinarily lumpable according
to L1 × L2. Therefore, the operator� preserves ordinary
lumpability over all action types.

Theorem 26 (Stochastic Order).Consider the components
Ci andC ′

i, with generator matricesQi,a = ri,a(Pi,a−I) and
Q′

i,a = r′i,a(P ′
i,a − I), for i ∈ {1, 2} and action typea. Let

Qi,a ≤
Bi

comp

rst Q′
i,a, with contextsCi ≤st C

′
i, whereBi

comp is the
comparative bound ofCi and C′i. If B3

comp is the comparative
bound of the contextsC1 ∩ C2 and C′1 ∩ C′2, we have

(r1,a,P1,a) � (r2,a,P2,a) ≤
B3

comp

rst (r′1,a,P ′
1,a) � (r′2,a,P ′

2,a).

Proof: For brevity, we will omit the subscripta, and
hence writePi in place ofPi,a, and ri in place of ri,a for
i ∈ {1, 2}. We omit the proofs thatP1 ⊗ P2 ≤st P ′

1 ⊗ P ′
2

and thatmin{r1, r2}(s1, s2) ≤ min{r′1, r
′
2}(s1, s2) for all

(s1, s2) ∈ S1 × S2, since they are very similar to Lemma 27
and Lemma 28 from the proof of Theorem 24 (Montonicity).

Let (S1,≺1) and(S2,≺2) be the state spaces of components
C1, C

′
1 andC2, C

′
2 respectively. We will show that the gener-

ator matrixmin{r′1, r
′
2}(P

′
1 ⊗ P ′

2 − I) is a context-bounded
rate-wise upper bound ofmin{r1, r2}(P1 ⊗ P2 − I), with
respect to the ordering(S1 × S2,≺

L
1 ).

We need to show that the following inequality holds, for all
states(s1, s2):

max

{

B3
comp ,

min{r′1(s1), r
′
2(s2)}

min{r1(s2), r2(s2)}

}

≤ min
(t1,t2)≺L

1
(s1,s2)



















1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P ′
1(s1, t

′
1)P

′
2(s2, t

′
2)



















Let (t1, t2) be the state for which the ratio on the right hand
side is at a minimum. Sincet1 ≺1 s1 by definition of≺L

1 , we
know that the following relation holds:

max

{

B1
comp ,

r′1(s1)

r1(s1)

}

≤

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

1−
∑

t′
1
≻1t1

P ′
1(s1, t

′
1)

Furthermore, since by definition of the comparative bounds,
B1

comp ≥
r′
2
(s2)

r2(s2)
, andB3

comp ≤ min{B1
comp , B2

comp}, we can
infer that:

max

{

B3
comp ,

r′1(s1)

r1(s1)
,
r′2(s2)

r2(s2)

}

≤ max

{

B1
comp ,

r′1(s1)

r1(s1)

}

To complete the proof, we make use of Observation 29 from
the proof of Theorem 24 (Montonicity), and the fact thatt2
must be the smallest state in(S2,≺2) by the definition of≺L

1 :

max

{

B3
comp ,

min{r′1(s1), r
′
2(s2)}

min{r1(s1), r2(s2)}

}

≤ max

{

B3
comp ,

r′1(s1)

r1(s1)
,
r′2(s2)

r2(s2)

}

≤ max

{

B1
comp ,

r′1(s1)

r1(s1)

}



≤

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

1−
∑

t′
1
≻1t1

P ′
1(s1, t

′
1)

=

1−
∑

t′
1
≻1t1

P1(s1, t
′
1)

∑

t′
2
∈S2

P2(s2, t
′
2)

1−
∑

t′
1
≻1t1

P ′
1(s1, t

′
1)

∑

t′
2
∈S2

P ′
2(s2, t

′
2)

≤

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P ′
1(s1, t

′
1)P

′
2(s2, t

′
2)

= min
(t1,t2)≺(s1,s2)



















1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P1(s1, t
′
1)P2(s2, t

′
2)

1−
∑

(t′
1
,t′

2
)≻L

1
(t1,t2)

P ′
1(s1, t

′
1)P

′
2(s2, t

′
2)



















The proof of stochastic ordering under(S1×S2,≺
L
2 ) follows

similarly.
Thus the context-bounded rate-wise stochastic ordering is

preserved by�.


